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1 Introduction

The aim of the present paper is to establish global regularity results for the
solutions of the following class of Cauchy-Dirichlet problem

uy — diva(z,t, Du) = f(x,t) in 27 =02 x (-T,0),
u=20 on Opar {27,

(1)

where (2 is a bounded open set in R™, n > 2, T' > 0, Opar {27 is the usual
parabolic boundary of 2. Here we assume that f, in the most general case, is
a summable function in {27, and a : 27 x R™ — R" is a Carathéodory regular
vector field satisfying standard monotonicity and growth conditions; i.e.,

{l/|22 — 2|2 < {a(w,t,20) — a(x,t, 21), 22 — 21)

|a(x,t,2)| < L|z|

(2)

for every z1, 22, z € R™ and (z,t) € 2r; the structure constants satisfy
O<v<1<L.

We will focus here on the case when f belongs to the Lebesgue space
L7(£2r) in a range of y that does not necessarily permit to obtain the existence
of finite energy solutions u € L2(—T,0; W, %(£2)) to problem (1).

Remark 1 In this paper we are not going to consider any solution to the
problem (1), but rather we shall deal with the (very) weak solutions u €
LY (=T,0; W, (£2)) obtained via the Boccardo-Gallouét by now standard ap-
proximation procedure ([9]; see forthcoming Section 2.1). These solutions are
called SOLA (Solutions Obtained by Limits of Approximations) and turn out
to be unique in their class in the case f € L'(£2r), see [12, Theorem 4.1]. For
such reasons, with some abuse of terminology, we shall call in the following
the unique SOLA to (1) “the solution” to problem (1).

In the classical Lebesgue framework, Boccardo, Dall’Aglio, Gallouét and
Orsina (see [8, Theorem 1.9]) show the existence of a unique solution

N
w € LU~T,0;Wh?(£2)) with ¢ = — (3)
N —~
to problem (1) under the assumption (2), provided that the datum f satisfies
2N
f e L7(f2r) for some 1 < v < Ni2

Here N := n+ 2 denotes the homogeneous parabolic dimension. Moreover, the
solution u belongs to L7 (2r) with 0 = N~ /(NN —2~). This result is optimal in
the scale of Lebesgue spaces; however it is natural to ask for a more accurate
scale to describe the regularity of Du in dependence on the datum f. In this
respect, recently, the results above were extended in all the most familiar
spaces of rearrangement (Lebesgue, Lorentz, Orlicz) and non-rearrangement
once, up to Lorentz-Morrey!, by Habermann and the first author of this paper

1 We refer to Section 2.2 for the definitions of the involved function spaces in the parabolic
setting.
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in [5] (see, also, [25,14,26]). We would like to remark that a fine analysis
in Lorentz spaces regularity is often decisive to establish higher regularity,
as it has been shown, for instance, by recent developments in the theory of
harmonic and biharmonic mappings (see, e.g., [41,22,35] and the references
therein). Precisely, in [5, Theorem 6.6], starting from the datum f in the
Lorentz space L(v,q)(£2r), for 1 < v < 2N/(N + 2), the authors prove that
for any 0 < ¢ < o0

N~

Du EL<7q
Dul e L( ==

) locally in 27,

extending to the parabolic setting a very general approach introduced by Min-
gione in [31,32,33] for the regularity of solutions to the elliptic counterpart of
problem (1).

After [31], many important extensions and generalizations have been con-
sidered in the literature, in which a similar approach based on maximal op-
erators techniques has been pursued to achieve regularity results in nonlinear
degenerate problems: see, e.g., [33,13,15] for elliptic problems, [1,5,14,17,26,
27] for parabolic ones and the references therein. It is important to stress that
the aforementioned papers, despite considering more and more general set-
tings, provide local results not considering the regularity properties up to the
boundary of the solutions.

Recently, some attention has been devoted to such global extension, as in
the paper by Phuc [40], where Lorentz regularity in the whole domain {2 has
been analyzed for the solutions to the elliptic counterpart of problem (1) for
general structures of p-Laplacian type, again taking into account the original
potential approach in [32]%.

In this paper, we will present a series of up-to-the-boundary regularity
results aimed at giving, on one hand, an extension of the classical Lebesgue
theory developed in [8] to a very general class of rearrangement invariant
function spaces. For instance we will cover the case of Lorentz spaces, that do
not seem to be treatable with the currently available methods. On the other
hand, we will give a set of techniques allowing for treating domains with very
poorly regular boundaries. In this respect we also extend to the parabolic case
the recent results obtained in [40].

Indeed, since we are dealing with precise estimates up to the boundary,
it is necessary to take some regularity condition for 2r = 2 x (-=T,0). For
this, we assume that the domain (2 has only to satisfy a capacity density
condition. Namely, in order to achieve the main results of the present paper,
the complement of the set {2 is required to be a thick domain (see Section 2.4
below); and such assumption is both very natural (as, for instance, in the
classic general Sobolev embedding in capacity density settings; and, also, in
the elliptic framework studied in [40]), and very mild (it is fulfilled by any
domain with Lipschitz boundary, or even of corkscrew type; also, in R? by

2 Although — as stated in [40], too — the possibility of extending such local results to
global ones was already mentioned without proof in [32] and [34].
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any proper simply connected domain). As a further matter, this condition is
essentially sharp for higher integrability results, as pointed out by Kilpelédinen
and Koskela in Remark 3.3 in the paper [23], where the authors developed
a first analysis in global Lebesgue regularity of the gradient of solutions to
degenerate elliptic equations in general thick domains.

All in all, we extend the potential theoretic strategy recently developed by
Mingione in [32,33] to the parabolic framework up to the boundary, combining
it with global higher integrability results (in Theorem 7 in Section 3), to obtain
general gradient estimates on level sets (see Section 4), which in turn imply
the following

Theorem 1 Let 2 be such that R™ \ 2 is a thick domain with constants co
and po and assume (2). Let f € L(v,q)(27) with

2N

1<~ <
ST=ENI2

and 0 <g<oo0.

Then the solution u € L'(=T,0; Wy (£2)) to (1) satisfies

N
|Du| € L(Njfy,q> in Q7.

Moreover, the following estimate holds
1Dullp( x g)or) < €lflzea@n, (4)

where ¢ is a constant depending only on n,q, L,v,~, co, po, diam(2).

Of course, by choosing ¢ = oo, we can also deduce regularity results on the
Marcinkiewicz scale.

Remark 2 After stating Theorem 1, we want to make a more precise compar-
ison between our results and the basic results in [8], where the authors treat
the case of Lebesgue spaces; i. e., they take ¢ = 7 in the statement above
thereby obtaining the corresponding conclusion. The results in Theorem 1 is
not a direct extension of the ones in [8], as in this paper no regularity as-
sumptions are considered on 2. On the other hand, the results in the present
paper are global but they are obtained by covering arguments via estimates
that are local in nature as it is easy to see that, using the methods developed
here, one can obtain local estimates up to the boundary and not only in the
interior. This corresponds to replace, in Theorem 1, {27 by cylinders of the
type (B(zg, R)N§2) x (—T,0), where xg € 9f2. This is a valued consequence of
the techniques approached here and the necessity of assuming the considered
boundary capacity conditions stems exactly from this aspect of the involved
techniques. Now, whereas it is likely that some Lorentz space estimates can
be also obtained under milder assumption on {2, it is worth mentioning that
the methods here can be also used to get global estimates in Morrey and
Lorentz-Morrey spaces (as those obtained in the interior case in [14,32]).
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The proof of Theorem 1 relies on the fact that the integrability of the
spatial gradient of the solutions to problem (1) is linked to a suitable choice
of potential operators. In this sense, one of the key-points will consist into
obtaining a decay estimate that involves the level sets of the parabolic Hardy-
Littlewood maximal operator M{ of | Du| in term of those of another maximal
operator M7 of the datum f, up to a correction term which is negligible when
considering the higher regularity. Indeed, we will prove an estimate of the
following type

[{M; (IDul) = SAY| < {Mg (1Dul) = A} + [{[M5 (D] = A}

1
W’ , (5)
for every A suitably large, and in which S >> 1 is a constant to be chosen,
and the exponent y; > 1 is related to the higher integrability theory.

The estimate in (5) (whose precise version is given by forthcoming for-
mula (50)) is fairly general and it will be relevant to deducing the Lorentz
estimates stated in our theorems, also including the borderline case. In order
to obtain such level sets estimate, we apply a parabolic covering lemma of
Calderén-Zygmund type (see Lemma 6 below) together with the higher in-
tegrability theory which we will extend up to the boundary (see Theorem 7
below). Therefore, we will work on basic estimates of the solutions u to (1) in
comparison to the solutions w to the corresponding homogeneous problem (see
Section 3), by exploiting very recent contributions in the parabolic framework
given in [27]. Clearly, the situation is complicated by the necessity to work in
a global setting.

Analogously, we will show how to establish a modified version of the level
sets estimate in (5) by replacing Du by u there. This will permit us to recover
higher regularity estimates in the Lorentz scale for the solutions u themselves,
as stated in the following

Theorem 2 Let 2 be such that R™ \ 2 is a thick domain with constants co
and po and let f € L(v,q)(27) with

N
1<’y<§ and 0<q< oo

Then the solution u € L'(=T,0; Wy (£2)) to (1) satisfies

N
u € L<N—72fy’q) imn 7.

Moreover, the following estimate holds

||U\|L(N1[;7,q)(QT) < cllfleeraer),

where ¢ is a constant depending only on n,q, L,v,~, co, po, diam(§2).
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It is worth pointing out that, although in the elliptic case the regularity of u
can be recovered by plainly combining the regularity of the gradient Du with
the classic Sobolev embeddings, here we need to work in a separate way, by
means of sharp estimates also involving different maximal operators in (5),
and higher regularity results up to the boundary for the solutions wu.

Finally, we recall that all the results we obtained in the present paper hold
for the very weak solutions given by the approximation method described in
forthcoming Section 2.1. It would be interesting to understand whether these
results can be extended to some other notion of solutions. In this respect, a
positive answer can be given when dealing with notions of solutions to measure
data problems holding uniqueness in case of integrable data, as in case of
the renormalized solutions in [38] and [39]; see [7] for a first definition of
renormalized solutions in this framework, and also [16].

Remark 3 In the present paper we are dealing with the case of operators with
linear growth while in other papers, as for instance [32], level sets techniques
are used to approach similar regularity results for p-Laplacian type operators,
that is for equations of the type —div (|Du[P~2Du) = f. When considering the
parabolic analog

uy — div (|DulP~2Du) = f,

the approach of the present paper is not sufficient if used alone, and has to be
modified and extended using the concept of intrinsic geometry first pioneered
by DiBenedetto to overcome the lack of homogeneity of the evolutionary p-
Laplacian operator when p # 2 (see for instance [1] for a discussion of this
concept in the relevant context). This is the object of forthcoming investiga-
tions ([0]).

The paper is organized as follows.

In Section 2, we fix notation; we give some details on the structure of the
problem and we briefly recall the definitions and a few basic properties of the
spaces and the operators we deal with, also discussing the capacity density
condition and some properties of Sobolev functions in p-thick domains; we
recall a parabolic covering lemma of Calderén-Zygmund type.

In Section 3, we state and prove global higher regularity results for the
solutions to the homogeneous analog of problem (1), and other preliminary
results.

In Section 4, we prove the results stated in Theorem 1, and the Lorentz
space estimates for the solutions wu.

2 Preliminaries

Throughout the paper we follow the usual convention of denoting by c¢ a general
positive constant always greater or equal than one that may vary from line to
line. Relevant dependencies will be emphasized by using parentheses; special
constants will be denoted by cg, ¢1, co,....
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As usual, we denote by
Bgr(xo) = B(zog; R) :i={z € R" : |z — z9| < R}

the open ball centered in zy € R™ with radius R > 0. When not important
and clear from the context, we shall use the shorter notation Br = Bg(zo).
Let (w9,t9) € R**! we denote by

Qr(wo,to) = Q(zo, to; R) := B(wo; R) x (to — R?, o) (6)

the open parabolic cylinder with height R? and having a ball By as horizontal
slice.

Finally, we mean Opar 27 = Ot 27 U £2y, where Ot 27 := 02 x (=T,0) is
the lateral boundary and 2y = {2 x {—T'} is the initial boundary.

2.1 Solvability of the problem

A measurable function  is a very weak solution to (1) ifu € L' (=T, 0; W, (£2))
and

—/ udy dxdt—l—/ (a(z,t, Du), D¢) dx dt = fodadt, (7)
Qr Qr Qr

for any ¢ € C§°(£2r). Also, while the lateral boundary condition can be for-

mulated by prescribing the belonging of u to L'(—T,0; Wol’l(Q)), the initial
boundary condition is understood in the L!-sense, that is

1 —T+h
E/T /Q|u(9:,t)|dxdt%0 as h — 0. (8)

As usual in the parabolic setting, one can provide a convenient “slice-wise”
reformulation of equality (7) by mean of Steklov average. Indeed, for h > 0
and t € [-T,0), we can define

1t o
- t)ydt ift+h <0
SRR TGO L IR
0 ift+h>0
and the following equality
/ [(uh)tqﬁ + ([a(x, t, Du)]p, Dgf)ﬂ dz = / fhodx (9)
0 0

holds for any ¢ € Wy*(£2) and for a.e. t € (=T,0). This formulation allows
to use the solution u, which enjoys only very weak regularity properties in
time, as a test function in (9), and therefore throughout all the paper we shall
proceed formally in this sense, referring for instance to [4] for the details in
similar situations.
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The existence of such solution is obtained using an approximation method;
this means that we shall consider a special class of solutions called SOLA
(Solutions Obtained by Limits of Approximations). In particular, one considers
a sequence of bounded function {fx} C L>(f2r) such that fx — f in L(2r)
as k — oo. Then, by standard monotonicity arguments, for each k fixed, there
exists a unique solution

uy, € CO([—T,0); L*(2)) N L*(=T,0; Wy (£2))
and
(ug)e € C°(=T,0; W~ 12(12))

to the Cauchy-Dirichlet problem
(ug)s — diva(z,t, Duy) = fr, in 027 (10)
up =0 on Opar§27.

Finally, thanks to the arguments in [9,8], we can pass to the limit in the
problem above and to prove the existence of a function u € L*(—T, 0; W' (£2))
which solves (1) in the distributional sense. For the rest of this paper we
understand by {uy} the sequence obtained by solving (10) with

fe(z,t) == max { — k, min{f(z,¢), k} }, keN, (11)

Notice that, as stated in Remark 1, this choice is not restrictive, since in
this class of solutions uniqueness holds, in the sense that considering another
approximating sequence {fx} would lead to the same limit w.

2.2 Relevant parabolic function spaces

Let 21 be the space time cylinder 2 x (=T, 0), with {2 being a bounded open
set in R®, n>2and T > 0.

Fix ¢ € (0,00). A measurable map g : 27 — R* belongs to the Lorentz
space L(vy,q)(2r) with 1 <~ < oo if and only if

||g||L(7q r) = q/ooo ()ﬂ’{(x,t) € Op :g(z,t)] > >\}|) d/\)\ < +o0. (12)

Q\Q

In the case ¢ = oo, the Lorentz space L(,00) with v € [1,00) is the so-called
Marcinkiewicz space and it is usually denoted by M7 (£2r). A measurable map
g : 27 — RF belongs to M (£27) if and only if

||9||Mw (2r) = ||9||Z(%OO)(QT) = ili%)\’y‘{(%t) € Qp gz, t)| > )‘}| < +o0.

(13)

Note that by Fubini’s Theorem one can see that, for any v € [1,00),
L(v,7)(£2r) is nothing than the classic Lebesgue space LY ({2r). Also, by Fa-
tou’s Lemma, one can see that the functionals [|-|| £ (y,q)(2,) defined in (12)-(13)
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are lower semi-continuous with respect to the a.e. convergence; see [5, Section
3.2].

Moreover, the spaces defined above enjoy Holder type inequalities. In par-
ticular, below we state a standard inequality for the Marcinkiewicz spaces
M?7(£2) in the form we will need it in the following of the paper.

Lemma 1 Let E C R""! be a measurable set and let g € M"Y (E) with v > 1.
Then, for any q € [1,7), g € LY(F) and

1
vy a 1_1
9l La <(> Ela 79l -
” ”L (E) v —q | | H H/\/l (E)

For details and results about the theory of Lorentz spaces, we refer the
interested reader to [2,20].

2.3 Parabolic maximal operators

For any measurable function g, the restricted fractional maximal operator M, o, 00
with a € [0, N], relative to a parabolic cylinder Qy, is defined by

e @@ = s [ gl dydr,
QCQo, (z,t)€Q Q
where the cylinders Q have sides parallel to those of Q.
The boundedness of maximal operators in Marcinkiewicz spaces is classical
(see, for instance, [20]); i.e., for any g € L7(Qp),

[{(z,) € Qo Mg g, (9)(w,t) > A} < 7 , lol dedt (14)

holds for every A > 0 and 7 > 1; the constant ¢ depending only on n and .

More in general, a standard embedding result for the maximal functions
in Lorentz spaces does hold, as given by the following theorem, whose proof
follows by the Marcinkiewicz theorem together with standard sublinear inter-
polation.

Theorem 3 ([32, Theorem 7]). Let « in [0,N), and v > 1 be such that ay <
N. Let @ C R™! be a parabolic cylinder and q € (0,00]. Then for every
measurable function g in L(vy,q)(Q) it holds

1Ma, 0@l 22 o)) = €llgllreae):

N—avy q

where ¢ s a constant depending only on o, v, n and q.

Also, in the borderline case v = 1, we have the following
Theorem 4 ([5, Lemma 4.11 and Theorem 4.12]). Let « € [0, N), Q@ C R"*!
be a parabolic cylinder and consider the concentric parabolic cylinder o Q scaled
by a factor o > 1. Then there exists a constant ¢ = ¢(n,a,0) such that, for
any measurable function g in 0Q, it holds

* _a & 1—<
HMmQ(g)HLNJXO(Q) < C|Q‘1 N||g||I],vl(o-Q)||g||LlolgL(Q)'
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2.4 Capacity density condition and thick domains

In the following we recall the definition and some properties of the p-thick
domains. We need first to recall the definition of p-capacity of sets.

Definition 1 Let K C {2 be a compact set. For any p > 1 the variational
p-capacity of K on (2 is defined by

cap, (K, 2) := inf{/ |DeplPdz : ¢ € C5°(£2), 0 > ]IK}.
2

As customary, the definition above can be extended to generic open sets A C {2
by taking the supremum over the capacities of the compact sets contained in
A. In the case of balls, the definition simplifies considerably and we have the
following explicit formula for B, on By,

Capp(?p7 BQp) = Cpn_pa

where ¢ is a positive constant depending only on n and p. For further details
about the variational p-capacity, we refer for instance to Chapter 2 in [21].

Definition 2 A set E C R" is uniformly p-thick (equivalently, satisfies the
p-capacity uniform thickness condition) if there exist constants co and pg > 0
such that

capp(E N B,(z), Bap(x)) > co Capp(Bp(x), Bsy(x)) = c(n,p,co) p" P, (15)

for any x € E and for any 0 < p < pg.

For the sake of simplicity, from now on we shall use the short notation thick
to denote a 2-thick domain.

As stated in the introduction, one can prove that domains satisfying Def-
inition 2 include those with Lipschitz boundaries or even those that satisfy a
uniform corkscrew condition. Furthermore, the estimate in (15) remains valid
for balls centered outside a uniformly p-thick domain (and near the boundary),
as stated in the next lemma; see [37, Lemma 3.8]. This will be useful since we
are going to deal with bounded sets whose complementary is thick.

Lemma 2 Let 2 be a bounded domain such that R™ \ {2 is uniformly p-thick
with constants co and po, and let y € £2 be such that B,/(y) \ 2 # 0. Then
there exists a constant ¢ = ¢1(n, p, po, co) such that

Capp(Bp/4(y) \ ‘Qva/Q(y)) ES Capp(Bp/4(y)7Bp/2(y)) = Cpn—p.

Also, a uniform p-thick domain enjoys a self-improving property, as stated
in the following theorem due to Lewis [28] (see also Section 8 of [30] for a
complete survey on the boundary regularity).
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Theorem 5 Let 2 be a bounded domain such that R™\ §2 is uniformly p-thick
with constants ¢y and py, and 1 < p < n. Then there exists ¢ = q(n,p,co) €
(1,p) such that R™\ §2 is uniformly q-thick with constant co = ca(n,p,co) and
po. Moreover, q can be chosen near p so that ¢ € (np/(n + p),p). Thus, we
have

Capq(Bp/4(y) \ ‘QaBp/Q(y)) e Capq(Bp/4(y)7 Bp/Q(y)) > c(n,p, co)pnfq
fory € 2 be such that B, 6(y) \ 2 # 0.

Remark 4 On the other hand a p-thick domain is r-thick for every r > p.

Indeed, for z € E, p < pg and ¢ € C§°(Ba,(2)), ¢ > ]lEﬂBi(z)’ by the Holder

inequality, we have

[ ez < el pon ( /
BQp BZ

Taking the infimum for such ¢ we get

potas) e

P

S

c(n,p, co) PP < cap,(E N B,, Bay) < ¢p"(= ) [cap (ENB,, By,)]

and r-thickness follows by taking the r/p-power.

We conclude this section by recalling some capacity Sobolev type inequal-
ities; see for example [23, Lemma 3.3] or [30, Lemma 8.11 and Remark 8.14].

Lemma 3 Let w € W'P(By,) and K,(w) = {z € B, : w(z) = 0}. Define
k=mn/(n—p)ifp <nand K = 2 if p > n. Then there exists a positive
constant ¢ = c¢(n,p) such that

(Ji e dx) i <capp<Kp(Ew>, 5 ),

The previous inequality also holds in the case stated below, with p-powers on
both sides; that is, we have the following Poincaré type inequality

p

2p

| Dw|? dx)

Lemma 4 Let w € WHP(By,) and K,(w) as before. Then there exists a pos-
itive constant ¢ = c¢(n,p) such that

¢
|w|P dz < / | Dw|? dz. (16)
1 capy (Ko (), Bay) I,

2p

Now a parabolic Sobolev inequality; its proof requires only slight changes
with respect to the proof of Lemma 3.17 in [37]. Essentially, it is enough to
apply Sobolev’s inequality Lemma 3 slicewise to the continuation to zero of
w in Q,/5 \ £27. Note moreover that the exponent g appearing therein is the
same present in Theorem 5, for p = 2, and that here it is unavoidable such a
self-improving property.
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Lemma 5 Let 2 C R™ be a bounded domain such that R™ \ 2 is uniformly
thick with constants co and po, and let Q5 := B,/o(x1) x (t1 — (p/2)%, 1) be
a parabolic cylinder such that B,,js(x1) \ £2 # (). Let moreover w be a function
such that

w e L*(Q,/2NN2r), Dwe L*(Q,/»NNr),

w € L>(t1 — (p/2)?,t1; L*(B,/2(21)))

and w =0 on Q5 N Aatf2r. Then there exist an exponent ¢ = q(n,co) < 2
and a constant ¢ = ¢(n, co, po) such that

1 ) 1 FcE=)
7/ |w|*dzdt < ¢ 7/ |Dw|? dx dt
Q021 Jo,,2n0r Q0721 Jo, un2s

2
n+2
x < sup / |w(~,r)|2dx) (17)
TE(t1—(p/2)%,t1)N(—T,0) B, /2N

and

/ |w|2(1+72t) dzdt <c / |Dw|? dz dt
Qp/2Ne2r Q,/2NL2r

><< sup / |w(-,7)|2dx> . (18)
TE(t1—(p/2)%,t1)N(=T1,0) /B, 5N

2.5 A parabolic covering lemma

Below we present a technical lemma (see forthcoming Lemma 6) which is noth-
ing that a special version of the classical Calderén-Zygmund-Krylov-Safonov
decomposition. It will allow us to work with parabolic cylinders that have as
horizontal slice a ball instead of a cube. We would recall that a parabolic ver-
sion of the Calderén-Zygmund-Krylov-Safonov covering lemma was proved by
one of the authors in [5], following the elliptic analog (which could be found,
for instance, in [11, Lemma 1.2]). Precisely, in [5, Proposition 2.1] it is shown
that a covering of a set by parabolic cylinders can be “arranged” in an optimal
disjointed way so that in each of the relative horizontal slice cube the density
is considerably small.

Since in the present paper we are interesting into analyzing some regularity
properties of problem (1) up to the boundary, we need to work with parabolic
cylinders having a ball as horizontal slice. For this, in order to prove Lemma 6
below, we will extend its elliptic counterpart given by Lemma 3.1 in [40] to a
parabolic framework.

Lemma 6 Let Qp C R+ Assume that X C Y C Qfr are measurable sets
such that there exists 0 < & < 1 for which the following properties hold:

(1) |X] <d|Qgl;
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(ii) for all (z,t) € Qg and for all p € (0, R] if |X N Q,(x,t)| > §|Q,(x,t)| then
Qp(z, 1) N Qp C V.

Then we have

|X| < e 6V
where c3 = c3(n).

Proof Since (i) holds, for almost every (x,t) € X there exists a p,; < R so that
XN Q,, , (x,t)] =6|Q,, .| and |X N Q,(x,t)| < 0|Q,| for all p,; < p < R.
Then, by the Vitali covering lemma we can extract a sequence of disjoint

cylinders {Qpik«tk (xk,tk)}k such that X C (Uk Qspo i, (zk,tk)) N Qp. In
view of the choice of Q,, , (xk,tx), we infer that

[XNQs,, 0, (@ tr)| < 01Qsp,, 0 | = 5"7201Qy,, [ =5"21XNQ,, ., (wk,t)|-
Moreover, there exists a constant ¢(n) such that
Qe (@t < €(0)|Qp,, (k5 t) N Qe

since (wx,tr) € Qp and py, 4, < R.
All in all, we have

|X| = ‘(Ustpzk,tk (l“k,tk)) ﬁX’ <> Q5,0 (@ te) N X
k

< 352500, (@t

k

< ()52 Y 81Qp,, ., (zh:t) N Qi
k

< c(n)5”+2(5|y|7

where we used (ii) in the last inequality. This concludes the proof. O

3 (Higher) regularity for the homogeneous problem and
comparison results

One of the key-points in the proofs of the main results in the present paper
relies on obtaining both local interior and boundary comparison estimates.

Let us first handle the interior ones by considering the following homoge-
neous Cauchy-Dirichlet problem.

(19)

wy —diva(z,t, Dw) =0 in Qg
w=1u on 6parQR;

with Qr = Qr(x0,t0) C 21 and u being the unique solution to the regularized
problem (10). We recall some basic results from the higher integrability theory
of Gehring. For the proofs we refer to [29]; see also [5, Theorem 5.5].
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Theorem 6 Letw € CO([to—R?,to]; L*(Br(z0)))NL2(to—R?, to; W12 (Br(0)))
be a weak solution to the parabolic equation (19)1. Then there exists x1 =
x1(n, L,v) > 1 such that Dw € LZXl(QR) and for any q € (0,2] it holds

loc

1

2x1 L
][ |Dw|? e dt §c<][ |Dw|qudt)q. (20)
QRry/2 Qr

Moreover, for any q € (0,2] and for any x > 1 it holds

i q
]l |w|?X da dt <c <]l |w|qudt> . (21)
Qry2 QOr

The constants ¢ in (20) and (21) depend only on n,L,v and q.

Concerning local interior comparison estimates we can use those established
in [5, Lemma 5.2] or [4, Lemma 6.4].

Lemma 7 Let u € CO([—T,0]; L2(£2)) N L*(=T,0; Wy'?(£2)) be the unique
solution to the regularized problem (10). Moreover, let w be the unique solution
of the Cauchy-Dirichlet problem (19). Then there exists a constant ¢ = c¢(n,v)
such that

/ (R 'u —w| + |Du — Dwl|) dzdt < cR/ |f|dzdt.
Qr Qr

For the local boundary estimates we consider Qr = Qg(xg,tp) C R"™! such
that it intersects the lateral boundary of {27, that is

Qr N (0N x (=T,0)) = Qr N At 20 # 0.

This will be enough for our purposes, see Remark 5 at the beginning of Sec-
tion 4. Then, we consider the unique solution to the following homogeneous
Cauchy-Dirichlet problem
wy —diva(z,t, Dw) =0 in Qr N O (22)
w=1u on Opar(Qr N 7).

Here we need a higher integrability result for w, the counterpart of Theorem 6
up to the boundary, relying on some reverse Holder inequalities. This kind
of boundary higher integrability is already present in the literature (see for
instance [37, Theorem 4.7], and also [3,10,36] for more regular boundaries),
but we prefer to propose an independent statement (and subsequently the
relative proof) fitting our context.

For this, we need a couple of technical lemmata, the first of which is an
appropriate version of the Gehring lemma, see [18, Proposition 1.3]:
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Lemma 8 Let A C R"! an open set and let g : A — RF be an integrable
map such that

2
][ g]2dzdt < c<][ |g|qudt)q +19][ 1g[2 dz dt,
QP/S Qp Qp

for some constant ¢ < 2 and for all Q, C A. Then there exists a constant
Vo = Do(n, q) such that if 9 < g then g € LX(A) with x1 > 1 depending on
n, ¢, q,9; moreover

2x1 xa 2
lg|*** da dt <c+ |g|dzdt
Qy/2 Q

P
for all @, C A. The constant ¢ also depends on n, ¢, q,9.

The second one encodes the self-improving character of reverse Holder in-
equalities. The proof follows [19, Remark 6.12] and uses a covering argument.

Lemma 9 Let A, g as in Lemma 8 and let

e
(][ |g‘2X1 dxdt>X1 < é][ lg|? da dt
Qy/2 Q

P

hold whenever Q, C A is a cylinder, where x1 > 1 and ¢ > 1. Then, for every
o € (0,2], there exists a constant ¢ = ¢(n,0,¢&) such that

(f |g|2X1 dxdt) h S C <f |g|a'd.]fdt>cr
Q)2 Q

P

for every Q, C A.
Now, we are in a position to prove the following

Theorem 7 Let 2 be a bounded domain such that R™\ (2 satisfies a uniform
thick condition with constants co and pg, and let w be the unique solution to
(22). Then there exists a constants x1 = x1(n,v, L, po,co) > 1 such that for
every q > 0 there holds

1

1 ) > 1 .
— | Dw|“X* da dt <c|—=— |Dw|? dx dt
1Qr/2| Jayg snor 1Qr| Jornar

(23)
for a constant ¢ = c¢(n,v, L, pg, co,q). Moreover we also have

1 = 1 .
—_— |w|?X da dt <c ( |wl]? dxdt) (24)
1Qrs2l Jonmnar 1Qr| Jornao,

for any x = x(n,v, L, po,co) > 1 and the same constant as above.
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Proof The goal here is proving that if we consider the continuation of w to
zero (denoted by w) in Qg \ 27, then for every parabolic cylinder Q, =
Q,(z1,t1) C Qr we have a reverse Holder’s inequality

(][ Dua|2dxdt> §c<][ Dw|qudt>q+ﬂ°(][ |Dw|2dmdt),
Qs Q 2

o

(25)
for some ¢ < 2 and for a constant depending on n,v, L, pg, cg, 99, where g is
the constant of Lemma 8 corresponding to ¢. Therefore we could apply the
Gehring lemma in the form of Lemma 8, and then Lemma 9, to infer (23), after
again restricting w to Qg N 27. The point here is that we are not interested
in the boundary higher integrability of w in the part of the same boundary
inside 27, but just in the higher integrability on cylinders centered in Oy {27,
where w = v = 0. In a very rough sense, this is similar to interior higher
integrability. Hence now we fix a parabolic cylinder Q, C Qg; note that due
to the assumption Qg N 2y = 0, we also have Q, N 2y = 0.

P

The scheme of the proof is the following: first we consider the case where
B,s \ £2 # 0. Here we first use a Caccioppoli type inequality to, roughly
speaking, control the gradient Dw over B, 4 N {27 with the integral of w over
B, /2N 2r. By applying the Sobolev inequality over B, ;N {27, we now need to
estimate the supremum in (32) in terms of |Dw| and this is again achieved with
the help of a Caccioppoli type inequality and the Poincaré capacity inequality
in Lemma 4. Finally, we get (25) by narrowing the set on the left-hand side.
On the other hand, if B,/ \ {2 = 0, estimate (25) between B, /s and B, s is
just an interior one, and then we can enlarge the domain on the right-hand
side.

Suppose now hence B,/ \ 2 # () (but clearly also B, /N2 # (), otherwise
there would be nothing to prove) and consider a cut-off function ¢ € C§°(Qr),
0 < ¢ < 1such that ¢ =1 on Q,/4, suppp C Q,/2 and [Dy| + ple:| < c/p.
Note that from now on all the cylinders with radii multiple of p will have vertex
(z1,t1). Up to a standard regularization of w in time by Steklov averages, we
use as a test function in (22) the map ¢ := wye?(.1p,., where, once fixed
7€ (t1 — (p/2)%,t1), ¢ = (- (t) € WH(R) is a piecewise linear continuous
map, for € < (¢; —7)/2, such that { =1 in (—oo, 7] and {, =0 in [T +¢, +00).
Note that for a.e. t € (t; — (p/2)%,t1), we have ¢(-,t) € Wy *(£2) and thus can
be used in (9). We therefore have, integrating over (t1 — (p/2)?,t1),

/ wywp?(. da dt —|—/ {a(z,t, Dw), Dw)p?(. dx dt
Q, 2Ny Q, /2Ny

= 72/ (a(x,t, Dw), Dp)wel. dxdt. (26)
Qp/2NL2r

Now, we treat the first term in the following way, using integration by parts
and recalling that ¢(. =0 on (B,/2 N 2) x {t1 — (p/2)*,t1},
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1
[ wwcaa=g [ (uP) e dear
Q,/2NL2r Q,/2NL27

1
5[ ke
2 Qp 2Ny

1 T+e
—/ |w|? @ da dt + 5][ / |w|?p? dz dt.
Q, /2N T B, 2N$2

(27)

Letting e N\, 0 and then taking the (essential) supremum with respect to
7 € (t1 — (p/2)?,t1) we therefore get

|w]?

sup / wtuw? dxdt > —¢ / wT dx dt
TE€(t1—(p/2)2,t1) J Q, /2 N7 Q, N2y P

1
+ - sup / [lw?@?](-,7)dz.  (28)
TE(t1—(p/2)?:t1) J By, j2N2

where we denoted for shortness with Q, /5 » the set Q,/o N1 -}. The second
term in the left-hand side of (26) is estimated from below

/ {a(x,t, Dw), Dw)p?¢. dx dt > Z/ |Dw|*¢?dzdt  (29)
Qp/2NL2r 2 Qp/2,N21

with ¢ = ¢(v, L), having at hand the following monotonicity condition, that
can be deduced by the assumptions in (2):

(a(z,t,2),2) > %|z|2 for any (z,t) € 2r and any z € R"™.

For the latter term in the right-hand side of (26) we have, using again the
growth condition (2), together with the Young inequality,

2/ (a(z,t, Dw), Dp)wp(, dz dt
Q, 2Ny
L
< 5/ | Dw|?¢? dz dt + 6(1/7,2)/ |w|? dz dt. (30)
4 RrNQ, 2 r4e P Q,/2NS2r

To conclude we put (27), (29) and (30) into (26), we let € N\, 0, we perform
some algebraic manipulations and we take the supremum with respect to 7 €
(t1 — (p/2)?,t1). Using also (28) finally we get

sup / |w(',7')|2dx+/ | Dw|? dz dt
TE(t1—(p/4)?,t1) /B, /4N$2 Q,/aNN2r
L
S )/ w2dzdt, (31)
P Q,/2NL2r
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recalling that ¢ = 1 on Q,/4. Note that also a completely similar estimate,
where the cylinder Q,/, appears on the left-hand side, and the cylinder Q, on
the right-hand side, follows by straightforward changes in the proof above.

We recall now we are supposing B, /s \ 2 # (; therefore we can use the
Sobolev inequality in Lemma 5 in the right-hand side of (31) and, after dividing
by |Q,/2|, we infer

¢ | Dw|* dx dt

1Qp/al o, in0r

1 fce)
<ec < |Dw|? dx dt> (32)
19021 Jo, 2nar

2
1 n+2
x( sup 7/ |w(~,7‘)2dx)
re(ti—(p/22,0) |Qos2l JB, 200

where ¢ depends upon n, v, L, pg, ¢o. Finally, we estimate the supremum on the
right-hand side in the following way: for a.e. 7 € (t; — (p/2)?,t1) using (31)
in its version over Q,/5 and Q, and Poincaré’s inequality (16) slice-wise, for
p = 2, we have

/ |w(-,7)|* de < % / |w|? dz dt
B, 2N P Jo,ner

P

t1 s

¢ P / 2
<— |Dw|* dz dt
p? t1—p2 Capz(Kp/2(w)7Bp) B,

where K, /5(w) = {z € B,/2 : w(x) = 0}. We recall that we extended w to zero
in Qg \ £27; note this gives w € W1’2(BR) for a.e. t since w = 0 on O, 2.
Now, since K,/2(w) D B,z \ 2 and B,/ \ £2 # () we can apply Lemma 2 to
get

capy (K, 2(w), B,) > c1capy(B, /2, By) = cp2,

and therefore, again dividing by [Q,, /2|,

w(-,7)*dz < | Dw|? dz dt.

ol
sup v |
Te(tl—(p/2)2,t1)|Qp/2| B, /2N ‘Qp/2| Q,NN2r

Putting the latter estimate into (32) and using the Young inequality with con-
jugate exponents (n+2)/2 and (n+2)/n, with ¥y being the constant appearing
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in Lemma 8 corresponding to the choice of g following from Lemma 5, we infer

_c / |Dw|? dz dt
1Qp/al Jo,, im0z

1 ﬁ 1 9 "%r?
<c |Dw|?dx dt | Dw|* dx dt
|Qp/2| Q,/2N02r ‘Qp/2| Q,NN2r

q

< ¢(¥) (1/ | Dw|? dxdt)
1902l Jo, 2nr

9o N2 1
+(105) 5 |Dw|? dz dt.
100/ Qp| Jo,nar

The inequality above plainly yields (25) in the case B, s \ £2 # 0.

The case B, /s \ {2 = () is easier, since now an estimate

1 1

2 q

<][ |Dw|2dxdt> gc(][ |Dzb|qd;z:dt> ,
Qp/8 Qp/6

g possibly different from the one appearing in (32), is an interior one and can
be deduced following [18] or [24]. At this point we just enlarge the integral
on the right-hand side to get (25). Note that actually higher integrability
estimate (23) holds for every couple of cylinders Q,/4, Q,/2 such that Q, C
Or, and we shall use this fact in few lines.

Finally, the estimate (24) for w is a straightforward consequence of bound-
ary sup-estimate for parabolic problems with null boundary datum. For this,
we refer for instance to [29, Theorem 6.30] in a slightly different, linear set-
ting. For the sake of the reader we also propose in the following lemma a proof
adapted to our framework. O

Lemma 10 Let w be the solution of the Cauchy-Dirichlet problem (22). Then
for every g > 0 it holds

q

1
sup |w| <e¢ < / |w|? dz dt> , (33)
Qp)anr 1Qr| Jornar

for a constant ¢ depending n,v, L, cy, po,q-

Proof Consider, for R/2 < p < R and h € R, the quantities
U(h,p) = / |(w — h)_5_|2 dx dt,
Q,NNr

Vi(h, p) :=[Q, N 21 N {w > h}| = [A(h, p)|;
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here s, is the positive parts of s; here all the cylinders share the same cen-
ter (xg,to). For p; < p2 both belonging to [R/2, R] and with h < k, we have
the relations

Vwmns@iggmex

LU p2) [V (o p2)] 7. (35)

U(k, p1) Scm

The first inequality plainly follows by the involved definitions. Indeed,

V%mﬂ%—m2§/

(w—h)% dzdt < / (w—h)3dzdt. (36)
A(kvpl)

A(h,p1)

For the second one, we need some work. First of all, minor modifications in
the proof of Caccioppoli’s inequality (31) give for all i € IN

2
sup / |(w—= k)4 (,7)|" da
TE(to—(p1+p2)2/4,t0) J B(py 4 pp)/2NS2

+/ |D(w — k)4 | dzdt
Qo1 +p2)/2082T

SM/Q o ((w—k)y|*dedt (37

for every h € R; in particular we need to choose here the test function
¢ = ('U) - k)*f’SOQCE]lQTa

with ¢ € C§°(Qr), 0

<y such that o =1 on Q(,,4p,)/2, Supp @ C Qp,
and [Dg| + (p2 — p1)]ept| <

1
/(p2 — p1)-

Now, consider a cut-off function 1 € C§°(Q,, 4p,)/2) such that 0 <n <1,
n=1on Q, and |Dn| < ¢/(p2 — p1). By Hélder’s inequality and the fact that
Inf <1

<
c

/ ’(w—k)+|2dxdt§c(n) / |(w—k;)+17’2dxdt
Qp N7

Qo1 +0p2) /2080

2

2(1 a2 2
< ¢(n) (/ |(w — k)11 (430 4z dt) [V (pa, k)] "2
Qlp1+p2) /200
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To estimate the right-hand side we use Sobolev’s embedding Lemma 5 and
then twice Caccioppoli’s inequality (37),

2
/ 0= B dac
Qo1 +p2) /200

2
< c< sup / }(w k) | dx>
TE(to—(p1+p2)?/4,t0) J B(p, 1pg)/2N12
1
X (/ ‘D(w—k)+’2dxdt+72/ ’(w—k)+]2da:dt>
Q,,NN2r (p2 — p1) Q,,NO21

1 2 b
<c<2/ ’(w—k)+| dxdt) ;
(p2 = p1) Q,,N2r

we also used here the estimates for || and |Dn|. We estimate the first part
of the latter term from above, keeping in mind that h < k and therefore
A(k, p2) € A(h, p2)

/ |(w—k)+}2dxdtg/ |(w = h)4 | dzdt
Qp2ﬁ.QT A(k},pQ)

g/ |(w = h)4|” dzdt.
Qpy Nt

Finally, it suffices to merge all the estimates above together with (36) (by
replacing p; with ps there) to obtain the inequality in (35).
At this point, we define the sequence of level sets and radii

1 R R
0 ki:=2(1—f)k, il
< oi ) Py T
where k7 is a positive constant which will be defined in few lines. We moreover
choose into (35), for ¢ € N fixed, p; = pit1, p2 = pi, ki = h < k = ki;1. Call
U; :=Ul(k;, p;) and V; := V(k;, p;). By taking the a-th power, a > 0, of (35)s
and the S-th power, 8 > 0, of (35)1, and multiplying the resulting inequalities
we finally have
92atB)i o
ULV < ela, )5 e U v,
where ¢(a, 8) depends also on n,v, L, ¢y, pg. Looking for 4 > 1 such that
a+ f =vYa, 2a/(n + 2) = I gives the value

L1
2 V4 "nt2

therefore, fixing o = (n + 2)9%/2 (and therefore § = 1), we have

19:

2%« 9
UV < g (vevi).
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A well known iteration argument, see [19, Lemma 7.1], ensures that

e

lim UPV; =0 if  [UPW

1—00

|Qr|"k. (38)

c

Since, recalling that p; > R/2 and k; < kq,
0< </ |(wk1)+|2dxdt) |Qr/2 N 20 N{w > k1 }| <UPV; — 0;
Qr/2NNr

this yields wy < k; almost everywhere in Qg /o N £27. We now find an appro-
priate choice of ky ensuring that the condition in (38) is satisfied. Since

91— 1+ 2 12 B
V4 n+2 2 n+429

—_

1
o

recalling the definitions in (34) and the fact that p; = R, we have
91 ) a(¥—1)
[Ufévl] = (/ |(w—k1)+| d]?dt) ‘QRﬁgTﬂ{kaq}‘ﬁil
QrNN2r

< |QRQ~QT|19_1/ (wy)? de dt
QrN2r

IN

|QRﬁ_1/Q , (wy)* dadt
RNE27

_ Yo
27 9-1

IN

|Q3|ﬂk%7

c

if we choose as starting level

Yo
29T &
k} = 70/ |w|*dz dt = L/ |w|? dz dt,
|Qr| Jopnor 1Qr| Jornaor

¢ =c¢(n,v, L, co, po). A similar argument, considering the negative part instead
of the positive one, yields w_ < kj. Therefore we showed the validity of (33),
but with the L? norm on the right-hand side. We show here how to lower this
exponent, following [19, Chapter 7]. First notice that the estimate

1

1 3

sup |w| <c¢ </ |w|2 dxdt) ,
0., N2r (ro =) Jo, nar

for all R < r; < ry < R holds as well; this can be seen with slight modifications
of the previous proof, or adapting [19, Corollary 7.1] to our setting. Note
that this last approach in our case would require a more involved argument:
we should indeed distinguish the cases as in the first part of the proof of
Theorem 7, and change a bit the radii. At this point, with this estimate at
hand, we argue as follows: denote by U(r) the supremum of |w| over Q, N 27,
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for R/2 < r < R. Then for R/2 < 1 < ro < R and ¢ > 0, using Young’s
inequality

1 2 2-q
Uu < - 7d dt) u 2
(n)<e ((Tz —ry)nt2 /QTQOQT ol d= [ (Tz)]

1 1 q
< -U(rg) +¢ 7/ wqdmdt>
pU(ra) ((T2—T1)"+2 QRﬂQT| |

A well known iteration lemma (see, e.g., [19, Lemma 6.1]) at this point finally
gives (33). O

We conclude this section by stating the counterpart of Lemma 7 up to the
boundary. The proof plainly follows by that of Lemma 4.1 in [27] (see also [14,
Lemma 3.3]), once taking into account the modifications needed in order to
handle the fact that the cylinder intersects the boundary, see [40, Lemma 2.6]
and the proof of previous Theorem 7.

Lemma 11 Let u € C°([=T,0]; L2(2)) N L*(=T,0; W, *(2)) be the unique
solution to the regularized problem (10), and let w be the unique solution of the
Cauchy-Dirichlet problem (22). Then there exists a positive constant depending
only on n,v such that

/ (R 'fu— w| + |Du — Dwl|) dzdt < cR/ | f] dz dt.
QrN2r QrNN2r

4 Proof of the main results

This section is devoted to the proof of the main result, to the regularity anal-
ysis of the borderline case, and to precise Lorentz space estimates up to the
boundary for the solution u. First, however, a couple of remarks allowing to
simplify the proofs.

Remark 5 Note that we can extend a solution to problem (1) to {257 := 2 X
(—2T,0), where we also extend the function f to zero in 2 x (=27, —T] and
the vector field a in the following way: a(z,t,z) = a(x,—2T — t,z) for t €
(=2T, —T). Therefore, denoting respectively by , f the extension, we have
that @ satisfies

iy — diva(e,t, D) = f(x,t)  in Qap,

u=0 on 8par(22T.
Indeed, we briefly sketch this argument. Given a test function ¢ € C§°(f227),
and supposing supp pN2x{—T} # (§ in order to avoid trivialities, it is clearly

enough to prove that the distributional formulation (7) is satisfied in C§°(£27)
by the restriction of ¢ in {2, i.e.

7/ ugotdxdtJr/ (a(x,t, Du), D) dzdt = fedzdt, (39)
Qr Q7 Q7
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with ¢ as above. To this aim, take a C°°(R) function (. such that (. =1 on
[T + 2¢,400), ¢ = 0 on (—oo0,—T + €] and [¢!| < ¢/e, and put as a test
function into (7) the product ¢ := p(. € C§°(£2r). We get

—/ ugatcsdxdtf/ ucpCédxdtJr/ (a(z,t, Du), D)(. dz dt
Q7 Qr Qr

= /Q ) FoC. da dt.

Now, we let € go to zero. Notice that both the first and the third integral on
the left-hand side converge to the corresponding integrals in (39); the same
happens for the integral on the right-hand side. It remains to consider the
contribution involving the derivative of (.; for this, we have

—T+2¢e
‘/ wCédxdt’ < cll«pllemT)][ / lu(z, t)|dedt — 0
Q7 ~T+e J@ e—0

thanks to (8). This completes the claim.

This will allow to treat, by a simple argument, only cylinders not intersect-
ing the initial boundary. Indeed for these, it would be enough to extend the
solution as described above, and treat them as they were interior cylinders, or
eventually cylinders just intersecting the lateral boundary.

Remark 6 We stress here that we shall also not take into account the terminal
boundary. Indeed the arguments in [5] could be also performed using not
symmetric, but backward parabolic cylinders as those in (6). This would apply
in particular to parabolic cylinders of the form Q,(zo,0), with B,(zo) C £2.

4.1 Integrability of Du

We firstly need a preliminary lemma, whose proof can be deduced by extending
the original proof in the local case in [5, Lemma 6.2] (see, also, [40, Propo-
sitions 3.2 and 3.4]), which will permit us to apply the Calderén-Zygmund
type Lemma 6 to the level sets of maximal operator functionals applied to the
gradient of the solutions to our problem (1). Since the novelty here is given
by the up to the boundary estimates, we prefer to state this result in the fol-
lowing form, that is in accordance with the analog in the elliptic case given by
Proposition 3.4 in [40].

Lemma 12 Let u be the solution to (10). Let A > 1 be an absolute constant
depending only on n, L, v, co, pg, and let x1 > 1 be the higher integrability
exponent as in Theorem 6 and 73 . Then for every S > 1 and any A > 0 we

3 Actually, we take the minimum between the higher integrability exponent x1 arising in
both the aforementioned theorems. For the sake of simplicity, we keep the same symbol.
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have the following: if for some cylinder Q,, with p < min{po, Ro}/12, po as
in Definition 2 and Ry the radius of a fized ball Br,, it holds

{(z,t) € Qp - M* (Lo, |Dul)(x,t) > ASA}| > ST2(Q,],
then there exists e = (S, x1) such that
QP - {M*(HQT‘DU‘D > >‘} U {Ml*(]lQTf) > 5)‘}1

where we denoted by M* := MS:QRO and M{ := Ml*ngo.

Proof First, we notice that the statement can be restated as follows:

Assume that for some cylinder Q, with p < min{pg, Ro}/12 we have
Qp N{M* (Lo, (|Dul) < A} N {M (Lo, f) < A} #0, (40)

then
{(z,t) € Qp : M*(Lop | Dul)(z,t) > ASA} < S~2[Q,|. (41)

By the hypothesis (40) there exists (yo,s0) € Q, = Q,(y1,51) such that,
for any 0 < r < Ry, with (yo, s0) € O,

][ 1o, |Duldyds < A (42)

and

7"][ Lo, |f|dyds < oA, (43)

r

reminding the definition of maximal operator.

We want to prove that, for any (z,t) € Q,(y1,s1), the following inequality
holds

M* (L, | Dul) (@, 1) < max { M* (g, synr | Dul) (@.0), YA} (44)

For this, we consider a generic cylinder Q, such that (z,t) € Q, C Qpg,; for
any r < p, @, C Q2,(y1, 1), and so we have

}. RarlDuldyds < M (Lo, 5o D) o)

T

On the other hand, for any p < r < Ry we plainly have, enlarging, if necessary,
the cylinder Q,., and using (42)

][ 1o, |Du|dyds < 3V

Thus, the inequality in (44) is proven.

Now, let Q4, = Qu,(y1,51) D Q, and distinguish the following three cases:
Q4p Cc Rt \ 7, Q4p N 8par-QT 7é () and Q4p C 2r.
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In the first case, the inequality in (41) does hold provided that A > 3V,
by taking into account (44).

In order to deal with the second case, that is where the cylinder Q,, inter-
sects Opar {27, we extend to the parabolic setting the strategy in Proposition 3.2
in [40]. Precisely, take any (y2, s2) € Opar {27 such that distpar((yl, 1), Opar QT) =
ly1 — ya| + |s1 — 2|2 and consider the unique solution w to the following ho-
mogeneous Cauchy-Dirichlet problem

wy —diva(z,t, Dw) =0 in Qiz,(y2, s2) N 27
w=1u on apar(QlQp(y27 82) n ‘QT)

Also, we extend by zero the function u to R"*!\ 27 and by u the function w

to R 1 \ (QlQp(yg, 82) n QT).
Now, we are in a position to estimate the measure of the investigated level
sets by using (14) twice with v = 2y; and v = 1. It follows

{(z,t) € Qp: M*(Lg,, (4, ,s1)n02r | Dul) (1) > ASAY}|
< H(x’t) € QP : M*<]1Q2p(y1751)ﬁQT|Dw|)(-r7t) > AS/\/2}|
+ [{(,t) € Qp s M*(1g,, (y1,51)n02x [Du — Dwl)(z,t) > ASA/2}|

< c(ASN) "2 / | Dw|*X* dy ds (45)
Qa2,(y1,51)N02r

+c(ASA) 1 / |Du — Dw| dy ds.
Q2 (y1,51)NNT

By Theorem 7, applied with R = 12p < pg, the first term in the right-hand
side of (45) is bounded from above by

1

2x1
— |Dw| dy ds ,
‘Qmp‘ Q125 (y2,52)N2r

c(ASN) [ Qg,| (

since Qa,(y1,51) C Qep(Y2, s2). Thus we get
H(x7t) €9 M*(]lg2p(y1751)mQT|Du|)(x7t) > AS}‘H

1

2x1
- |Du| dy ds
|Q12p| Qi2,(y2,52)N02r

< c(ASA) T | Qg | <
1

2)(1
L ‘Du — Dw| dy ds
|QlZp| Q12 (y2,52)N 21

+ c(ASN) 72X | Qg | <

-1 |QGp|

‘Ql?p' Q12p(y2,52)N2r

+c(ASN) |Du — Dw|dy ds.
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In view of the comparison estimates established in Lemma 11 (taking R =
12p < po there), together with (42) and (43), since (yo,s0) € Q,(y1,51) C
Q12,(y2, s2) C Qr,, and choosing € = S™21 11 we arrive at

[{(z,t) € Qp : M*(Lgy, (yy s1)ne2r [Dul) > ASA}| < (A7 +ATH ST |Q, .

Now, it suffices to choose the constant A so that A > 3% and 2cA~! < 1/2;
i.e., A > max {3N, 40}. It follows

1.
{(@.t) € Qp: M* (g, yy synar | Dul) (@, ) > ASA} < 58720(Q, ],

which, again in view of (44), yields (41).
Finally, when Q4, C {27, the inequality in (41) plainly follows by Lemma 6.2

in [5], hence using the local interior results given by Theorem 6 and Lemma 7.
O

Before starting with the proof of Theorem 1, we want to emphasize that
most of the differences between the problem we are dealing with and the analog
in the elliptic case analyzed in [40] have arisen in the previous section. For this,
the general strategy of the proof follows that of the proof of Theorem 6.1 in [5]
(see, also, [14, Theorem 4.1]. We prefer to give some details for the reader’s
convenience, and we sketch the proof in three steps.

Proof of Theorem 1 We denote by Qo = Br, (70) % (to— R%, o) a fixed cylinder
in R"™! that contains (27, with its basis By = Bg, being a ball of radius
Ry < 2diam(£2). Note that since Qy D 27 we can assume Ry > diam(42)/2.
Now we consider the following maximal operators

M*(-) = Mg o,(Loyp-) and  My(-):= Mg (Lo -).
Step 1 - Application of Calderon-Zygmund-Krylov-Safonov covering type lemma.
We consider the following sets X and ) defined

X = {(x,t) € Qo : M*(|Dul)(z,t) > (AS)HlAl},

Y= {(x,t) € Qo : M*(|Dul)(z, 1) > (AS)* ),
and M (f)(z, 1) > E(AS)k)\l},
with

1
A\ = 8% —/ | Du| dx dt, (46)
|Q§‘ QoN N7

where S > 1, A, x1, € are as in Lemma 12. We want to apply Lemma 6
with R = min{pg, Ro}/12. Firstly, we notice that by Lemma 12 (choosing
A = (AS)kX; > 0 there) the assumption (ii) is satisfied with § = S=2x1.
Thus, it remains to prove that |X'| < S72X1|Qz|. For this, it suffices to use the
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boundedness of the maximal operators in Marcinkiewicz spaces together with
the choice of A\ in (46). Indeed,

H(x,t) € Qo : M*(|Dul)(z,t) > (AS)HulH
c
<7(AS)’“+1)\1 /QomQT |Du| dz dt
< 87 Qgl,

where we also used the fact that A, S > 1. Hence, the application of Lemma 6
and the definitions of X and Y yield

’{(x,t) € Qo : M*(|Dul|)(z,t) > (AS)’“+1)\1}|
< 387 |{(ac,t) € Qo : M*(|Dul)(x,t) > (AS)’“)\l}}
+es [{(z,t) € Qo s M7 (f)(x,t) > e(AS)" A},
for every k € N; with ¢3 depending only on n, pg, and diam({2).

(k+1)N
Now, by taking into account a multiplication by a factor (AS) ¥~ -

the previous estimate we deduce

, from

(k+1)N7

(AS)™ ™ )\N & 1 ((AS)EFIN)

N~

< ¢3(AS) ¥

T ((AS)* M) (47)

+c3 (AS)

(Aj) 7 e P (A ),

where, for any K > 0, we denoted by
pn(K) = [{(2,t) € Qo : M*(|Dul)(z,t) > K }| (48)

and

ia(K) = |{(,8) € Qo - Mi(f)( 1) > K} (49)
Now, we note that, since x; > 1 and v < 2N/(N + 2), we have that the
quantity

N
d:=2x; — _77 > 20y —1) >0

is positive. Therefore, we can choose

)

and, by computations, inequality (47) provides the existence of a constant
¢ = ¢(n, L,v,diam(12), po) such that, for every k > 0,

S = <4A N5

No(kt1)

(AS) FEIAT ((AS)’““M) (50)

(AS) RS 1 (AS) ) + c(AS) V2 (M) 5 pa((AS) 2Ny,

»-lk\P—‘
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Step 2 - Lewvel sets estimates. In order to establish some Lorentz spaces esti-
mates on level sets we proceed as follows. We take 0 < 8 < oo and operate
some computations to get

[ w5 S
0 A

B(N—~)

< (; + EB(AS)Blog(AS)) M|Qol "~ + & (A5)" log(AS).J (00),

where - T
J() =3 ((AS)}J%E(gAl)NLAMQ((AS)%Al)) v
k=0

and the constant ¢ > 1 is increasing in the variables n, L, and decreasing
in 3, such that ¢ — oo as 8 — 0, while it remains bounded when (3 is bounded
away from zero. Thus, from this inequality, we can plainly deduce

Ny s(N—y d\ 1 . BN =)
o0 5 2 < (5 2 (457 og(as) ) Aol

- Ny B(vN=v) d\
1 aP(AS) / AP ()] R 2 (a1)

We recall the definitions of 1 and g given in (48)-(49), and, now, we choose®
B = q € (0,00), so that, by the definition of parabolic maximal operators, we
get
* ~ N—y ~ *
1M DU 2w yion) < EMIQL S 4 EIME (N2 ) (52)

N—~v"

up to relabeling the constant ¢, by keeping the same properties as before.

Now, thanks to a classical global estimate for the gradient of u established
in [9], which we will use as in the form presented in [4, Lemma 5.1] where the
exact dependence on the L'-norm appears, we can estimate \; from above, as
follows

A < e(n, po, diam(£2))|Qo| ¥ 1 / |f] da dt.
QoN N2
Therefore, for any (z,t) € Qp we have M7 (f)(xz,t) > A1 /c(n, po, diam(£2)),
and thus

M| Qo ™ < HMf(f)”L( N2 )(Qo)

N—v
Finally, in view of the standard inequalities |Du(x,t)| < M*(|Du|)(z,t), for
a.e. (z,t) € Qp, and ||Mik(f)||L( N1 )(Qo) < Hf”L(’y,q)(Qo)a we arrive at

N—~9

1Dullp( 22 gy cor) < €lflLeaeo: (53)

4 We note that in the computations above we preferred to keep the generic exponent 3,
since it could be chosen arbitrarily in order to obtain estimates also in other rearrangement
and non rearrangement spaces.
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where the constant ¢ depends only on n, L, v,7, q, po and diam({2). Recalling
that 27 C Qp and f = 0 in R™™!\ 27 we plainly deduce the desired estimate
in (4).

Similarly, we can deal with the Marcinkiewicz case ¢ = co (see, e.g., Step
3 in the proof of [5, Theorem 3]) and we arrive at

1Dull | e g < Ellfllatrany.

Step 3 - Conclusion of the proof. We recall that we proved the estimate in (53)
for the approximating solutions u = wuy, to problem (10) with f = fi = Tk (f),
where Ty is the truncation operator defined by (11). In order to conclude, it
suffices to use the lower semicontinuity of the Lorentz norms together with
the standard approximating arguments stated in Section 2.1. Hence, we have
proven that

[1Dukllp(x gyr) < CllfkllLevayeo (54)

where the constant ¢ does not depend on k. We also notice that in (54) we
have used the fact that

£l Lvigy o) < I fIIL(v.a)(Qo)s

since by the definition of fj it holds that |fz| < |f|. Thus, in order to pass
to the limit on & — oo in (54), it suffices to use the lower semicontinuity of
the Lorentz norms (recall remark on page 9) together with the approximating
arguments stated in Section 2.1 (recall, in particular, (11) there). O

Remark 7 As in the classic case, Theorem 1 fails for the borderline choice v =
1. Even in the elliptic case, one has to impose some further L log L integrability
on the datum f in order to obtain the following implication

feLY=T,0;Llog L(R)) = |Du| € L~ (27); (55)

see Theorem 1.8 in [8]. However, we could extend the potential approach in
the proof of Theorem 1 to the analysis of the borderline case in the parabolic
Orlicz space Llog L(§2r), to get, for any cylinder Q, C R™"!, the following
estimate

1

1 N
1Dull, s g onon = I @ non I lios Lio,nnn (56)

We stress that when considering the preceding estimate in the whole 27, the
by-now classic result (55) in [8] is stronger, since it does not require any regu-
larity assumptions on the domain {2 and it does hold in the weaker assumption
of f being in L'(—T,0; Llog L(2)), despite (56) provides local estimates up
to the boundary.
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4.2 Integrability of u

This section is devoted to Lorentz space estimates for the solution u to (1).
We will use the same techniques used to prove the spatial regularity of the
gradient. Hence, we will obtain an estimate on the level sets of the maximal
operator associated to u, in terms of the level sets of a maximal operator of
the datum f, up to a correction term; that is, the equivalent to (52) for u. This
will allow to deduce the proof of Theorem 2, stated in the introduction, which
is close to the one of Theorem 1, but also a higher regularity result is needed,
as stated in the second part of Theorem 7 proven at the end of Section 3.

Keeping in mind the notation used in Theorem 1, we have the analog of
Lemma 12 for u. Again, we recall that in what is following we always deal
with the approximating solutions u = wuj defined in Section 2.1, and with the
datum f = f.

Lemma 13 Let u € CO([—T,0]; L2(2)) N L2(—T,0; W, *(£2)) be the solution
to (10). Let A > 1 be an absolute constant depending only on n, L v, and let
x > 1 be the higher integrability exponent as in Theorems 6 and 7. Then for
every S > 1 and any A > 0 we have that exists ¢ = (S, x) such that the
following statement holds: If for some cylinder Q, with p < min{pg, Ro}/12 it
holds
{(z,t) € Qp : M*(u) > ASA}| > S7|Q,|
then
Qp C{M"(u) > AFU{M;(f) > €A},
where we denoted by M*(-) := Mg op, (1g,-) and M3 (-) := M3 o, (Lop).

Proof The proof of this lemma is essentially the same as that of Lemma 12.
It first suffices to substitute M*(|Du|) and M;(f) by M*(u) and My(f),
respectively. Then, we need to use the comparison estimates for u stated in
Lemma 7 and Lemma 11, and the higher integrability, again for u, given in (21)
and (24). This will permit to introduce the parameter x > 1 which can be
chosen arbitrarily large; and this is another difference with respect to the
estimates in Lemma 12, in which such a parameter (read x; > 1) was fixed. O

Proof of Theorem 2. Since we closely follow the proof of Theorem 1, we
prefer to keep the division of the proof in the same three steps.

Step 1 - Application of Calderon-Zygmund-Krylov-Safonov covering type lemma.
We want to apply Lemma 6 to the sets

X = {(x,t) € Qu: M*(u)(z,t) > (AS)’““AO},

Y= {(x,t) € Qo M*(u)(x,t) > (AS)* A
and M (f)(z,) > 5(AS)’“>\0},
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1 ) .
|u|dzdt and R:M.

with Ag := ¢.5%X
|QR| QoN N1 12

In view of Lemma 13, the assumption (ii) of Lemma 6 (choosing A\ = (AS)*)g
there) is satisfied with p < R = min{po, Ro}/12 and ¢ = S~2X. To prove (i),
that is |X| < S72X|Qp|, it suffices to use the boundedness of the maximal
operators in Marcinkiewicz spaces together with the choice of A\g and the fact
that A,S > 1. It follows

N'Y(k+1)

(AS) =7 \) e p1((AS)FT1Ng)

. N
< (AS) ¥ AF T G820 AT 1 ((AS)A M) (57)
+ (AS/e) N5 (AS)%(EAO)NLJ’YMQ((AS)]CEAO), for every k > 0,
where, for any K > 0, we denoted by
pi(K) = |{(z,t) € Qo : M*(u)(z,t) > K }|

and
po(K) == H(x,t) € Qo : My (f)(z,t) > K}‘

At this level, we can take advantage of the possibility to choose x large enough
to satisfy

N~y
N — 2y

d:=2x — > 0,

1
d

and, using the S := (4A N{;v) , it follows AN W 23X < 1/4, so that

the estimate in (57) becomes

Ny (k+1)

(AS) T ATy (A9)H100) <

A8 AT ((45)0)
4 e(AS) N (eXg) ¥5 i ((AS)FeNy),

for every k > 0.

Step 2 - Level sets estimates. Arguing as in Step 2 in the proof of Theorem 1
we obtain the following Lorentz estimates for the solution wu,

lell (s ayco) < MG @

for any 0 < ¢ < oo. Similarly, in the case of Marcinkiewicz space, that is
q = 00, we arrive at

lal

S & ||f||M'Y(Qu)7

27 (027)

Notice that at this stage we used the fact that M3 has a higher regularizing
effect with respect to that of M. Moreover since we are assuming f = 0 in
R\ 27 and 27 C Qy we obtain exactly the desired estimate.
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Step 3 - Conclusion of the proof. We can now conclude the proof using standard
approximation methods, again by means of the lower semicontinuity of the
Lorentz norms. O
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