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Abstract

By using ergodic theory and a variational process, we study the macroscopic behavior of a thin
body with micro hight stiffness fibers randomly distributed according to a stationary point process.
The thickness of the body, the stiffness and the size of the cross sections of the fibers depend on a
small parameter . The variational limit functional energy obtained when ¢ tends to 0 is deterministic
and depends on two variables: one is the deformation of a two dimensional body and describes the
behavior of the medium in the matrix, the other captures the limit behavior of deformations in the
fibers when the thickness, the stiffness and the size section become increasingly thin.
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1 Introduction

In [19] we proposed a deterministic model of a randomly reinforced material with reference configuration,
an open cylinder © = O x (0, h), ® c R? including randomly distributed thin rigid fibers T.(w) =
eD(w) % (0, h). Our objective was to provide a simplified but accurate model of the slices of the geomaterial
TexSol”™™ ([14, 16, 17]). Let us recall that this soil reinforcement process mixes the soil (sand) with a
wire and that the obtained material has a better mechanical resistance than the sand without wire. In our
simplified model we assumed the wire to cut the surface perpendicularly so that the thin parallel cylinders,
randomly distributed, represent the pieces of the wire which are perfectly stuck with a hyperelastic matrix
which represent the sand. This hypothesis is acceptable when the thickness h is small. The main objection
of this model is that & is fixed so that we did not say how h is small by comparison with the size ¢ of
the wires section. In this paper we go back to the asymptotic analysis studied in [19] when the thickness
h of the slice goes to zero with €. We propose a two dimensional deterministic model which is a first
attempt in the scope of non linear elasticity at obtaining a variational equivalent model of a very thin
slices of randomly reinforced materials like Texsol”™. We do not assume the basic condition on the
elastic densities which ensures the principle of material frame-indifference. Furthermore our model does
not take into account the a.e. injectivity of the deformation maps, and the necessity of an infinite amount
of energy to compress a finite volume into zero volume. We hope to address this issue in future papers.

The open cylinder Oy = O x (0,h(g)) of R, whose basis is a domain O of R2, is a reference
configuration for a random fibered structure which may be described as follows. For € > 0 we consider
the union of cylinders T; (w) := eD(w) x R where D(w) := |J;cy D(w;i) and D(w;) are disks distributed at
random in R? following a stochastic point process w = (w;);en of R? associated with a suitable probability
space (2, A, P). The random fibered structure is then given by O = (Op o) \ T=(w)) U (Oh(ey N Te(w))
(Figure 1).

Figure 1: A slice of randomly fibered body of thikness h(e)
We assume for instance the wire to be clamped on its lower sections and submitted to a surface loading

on its upper sections. The material in the matrix is only submitted to a volume loading (the force of
gravity). The equilibrium is described by the unique solution @.(w, .) of the variational problem (Pg

1
| inf / f(Vu) dz + — g(Vu) dz — @ (u)
ueEWe ’p(oh(s)wRS) Oh(g)\TE € Oh(s)ﬂTE

O (u) = /Oh(s)\TE Leudr — /A Le(Z, h(e)).u(, h(e)) di

OneD

cne))

where f, g are two quasiconvex functions,

WP (O, R?) = {u € W'P(Op(e),R?) tu =0 on on eD(w)} )



= stands for the high stiffness of the wire, and L., f. denote the loadings in L7T(O\ T-,R3) and the
topological dual of Wl’l_%(@ N eD,R3) respectively. For short we sometimes drop w for the notation
and, for instance, write T, and D instead of T, (w) and D(w).

Let denote by tc(w,.) a minimizer of (Pg_, . ). In this work we intend to study the behavior of
Uz (w,.) defined by Uz (w, ) = @ (w, &, h(¢)x3), which is minimizer of the problem (Ppg,)

) - 1 Ou h(e)/ - 1 Ou
f h Vu, ——~——) dz + Vu, ————) dov — ¥,
ueWQIB(O,Ri‘){ © /(Q\TE ftvu h(e) 3553) T e onng( ! h(e) a’fs) ! (u)}

U (u) = / L. dx — /A leu(s, 1)) dz,
O\T. OneD

where O = O x (0,1), W2P(O,R?) := {u e WL (O,R%) :u=0on @ﬂsD(w)} and L., I are the

rescaled loading given by L.(z) = h(¢)L. (%, h(¢)x3) and I.(2,1) = (.(&, h(c)) respectively. The loading
L. is assumed to be independent of e and denoted by L while [. is assumed to be possibly very high,
precisely of the form e~?1 for some [ in L#7-1 (O,R3). We perform the asymptotic analysis of (Pg_) under
the conditions p > 1, a > 0 and h(e) = P. For the surface loading we assume b < p — 1+ % and we will
see that the interesting case isb=p—1+ %.

Let us denote by Y the unit cell of R2, by f°P the p-recession function of the function f and, for all
A € M3*2 set fooP(N) = infeeps [P ((A€)) where we identify the set of 3 x 1-matrices with R3. For
all s € R3, let denote by fo(s) the almost sure limit when n — +oo of

inf {][ @(Vw)di:][ wdizs},
wEW&’p(nY\D(w),R3) nY ny

whose existence is ensured by an ergodic theorem in Section 2.3. Then we establish that Uz (w, .) almost
surely weakly converges in LP(O,R?) to U satisfying for a.e. & € o (Corollary 2.1)

u()e@%(ﬂf (J)ﬁ)

In the case when f = 1. ” an easy computation yields (see Section 3.4)

1
M@:gAL@”ﬁ

where A is defined as follows: consider U, (w,.) solving the scalar random Dirichlet problem

{ -AU =1 inAn)A/ \ D(w),
U € Wi (¥ \ D)),

and set A, (w) := [  Upn(w,.) di. Then one can show that A, (w) almost surely converges when n tends
to 400 toward a determmlstlc limit that we denote by A. This last result has to be compared with the
Darcy’s law in fluid mechanics (see [3, 10]) and may be considered as a Darcy’s law in the solid mechanics
framework.

aue( )

Another significant fact is that Lonr. e (w,.) and 1onr, strongly converge to 0 in LP(O,R3).
We want to clarify these convergences: at what rate do these two functions converge to zero? To explore
this question, denoting by ¢°P the p-recession function of the function g, we establish that almost

1—p—2 = 1—p—2 e (w,.) ; 3 7 9y
surely, ¢ "7 r Llonr. Te (w,.) and e ? rlont. =55, weakly converge in LP(O,R?) toward v and 3—;3



respectively, where v is the unique solution of the problem

0 »

5 (D™ (5)) =00,

€3

where
I oifb=p—-1+4+73
0 ifb<p—1+2,
g>®" is the p-recession of the function g, (¢°°P)t(s) := ¢>P(0,s) for all s € R, and 0 = / Y n
Q
D(w)| dP(w) is the asymptotic volume fraction of the fibers (Corollary 2.1).

We perform these two asymptotic behaviors thanks to a variational convergence method (related to
the I'-convergence) of the sole total energy functional

— Gy L Ouy o hE) Sy L O B
Bt = 10e) [ (O gy do s B [ g9 g 2 e - v

of the problem (Pg_) (Theorem 2.2).

2 The problem statement

2.1 Probabilistic setting

For all # = (21,22, x3) of R?, & stands for (z1,25) and we denote by Y the unit cell (0,1)? of R2. For
any 0 > 0 and any set A of R2, we make use of the following notation: Ag := {x €A: d(z,R?\ fl) > 5}.

For any bounded Borel set A of R? or R3, |A| denotes its Lebesgue measure and #(A) its cardinal when
it is finite.

Let d be a given number satisfying 0 < d < 1 and consider the set
Q= {(wi)ieN w; € R w; —wj| > d for i # j}

equipped with the trace o-algebra A of the standard product c-algebra on . Let Bd/g(()) denote
the open ball of R? centered at 0 with radius d/2, then for every w = (wi)(iyen we form the disk
D(w;) == w; + Bd/g(o) and consider D(w) := [J;cy D(w;). Therefore w — T'(w) = D(w) x R is a random
set in R?, union of random cylinders, whose basis is the union of the pairwise disjoint disks D(w;) of R?
centered at w;. We set T.(w) := eD(w) x R. For every z € Z? we define the operator 7, : Q — Q by
T,w = w — z. Note that D(7,w) = D(w) — z.

We assume that there exists a probability measure on (£2,.4) which satisfies the system of three
following axioms:

(A1) Non sparsely distribution: P( {w €N: |Y N D(w)| > O}) =1;

(Ag) Stationary condition: Vz € Z?, 7,4 P = P where 7,#P denotes the probability image of P by 7,;
(Az) Asymptotic mizing property: for all sets E and F of A, lim,| 1 P(.ENF) = P(E)P(F).



Remark 2.1. i) It would be more natural to consider stationary condition (Ag) with respect to the
continuous group (7¢)ierz defined in the same way by Tyw = w — t. Actually the discrete group
(12)2ez3 suffices for the mathematical analysis. The size of the cell Y is chosen in such a way to
fix the generator of the group (7).czz. Condition (As) then says that every random function X
taking its source in §2 is statistically homogeneous in the sense that X and X oT, have the same law
(i.e. X#P = X o1, #P). Roughly speaking, moving a window A in R? following the translations
in R?, the distributions of cross sections in the window are statistically the same.

ii) Condition (A1) together with condition (Asz) yield that the random set D(w) is statistically not too
sparse in R2. Indeed for every Z2-translated A=Y + z of Y

P({w:|AmD(w)\>o}) P({w:|Yﬂ(D(w)—z)\>O})

= P({u: P n (D) > 0})

P({w Y N (DW))| > o}) ~1.

i11) Condition (As) says that the events T, E and F are independent provided that z be large enough.

iv) Consider @ = (©;);en where &; are the centers of the hezagonal close-packing of disks in R2. Then
@ is a “mazimal” distribution in the sense that |Y N D(w)| < |Y N D(®)| for a.s. w in Q.

A simple specimen of probability space which fulfills all the conditions above is the generalized random
chessboard described bellow.

Example 2.1 (Random chessboard-like). Given d > 0 as previously, let us consider a countable set of
points Qo = {z : k € N} in Yd/2 and set Q := I cz29Q. where Q, = Qy + z for all z € Z2. We equip
Q with the o-algebra A generated by the cylinders of 2. For a given family (a)ren of non negative
numbers satisfying ZkeN ar = 1 we consider the probability measure py = ZkeN adz, on §p and the
product probability measure P = II,czu, on (£2,.A4) where i, = o for all z € Z. Then it is easy to check
that P satisfies axioms (A;)-(As).

Remark 2.2. All the results of the paper remain valid if we substitute for the disk Bd/g (0), any connex
compact set of R? included in Bd/Q(O) and chosen at random.
We would stress that, keeping the same probabilistic framework, but substituting now Brsd/Q, re — 0

for Bd/g, for critical growth of r(€), the limit problem seems to leads to a model which takes into account
the random capacity of D(w). We aim to treat this case in a forthcoming paper.

2.2 Functional analysis setting

We are given two quasiconvex functions f and ¢ defined on R? satisfying the standard growth condition
of order p > 1: there exist two positive constants «, 3, such that V¢ in M3*3

al¢]P < F(Q) < BA+(CP), (2.1)

idem for g. Note that f satisfies automatically the Lipschitz property

[F(Q) = FE < ¢ =N+ [P~ +[¢P7H) (2.2)

for all (¢,¢") € M3*3 x M?*3 where / is a positive constant, idem for g. Furthermore, we assume that
there exist 3/ > 0, 0 < r < p and a p-positively homogeneous function f°? (the p-recession function of
f) such that for all ¢ € M3*3

IF(Q) = £ < B+ [CPT). (2:3)



From (2.3) we infer lim (£

t—+4oo tP

= f°P(¢) so that from (2.1), f°°P satisfies for all ¢ € M3*3

al(|P < fP(Q) < BI¢IP (2.4)
and
[FoP(C) = [P < ¢ = ISP+ [P (25)

for all (¢,¢’) € M3*3 x M3*3. Finally A\ — @()\) i= infeegs foP((A€)) is assumed to be a convex
function in the set M3*2 of 3 x 2-matrices.
We define the p-recession function g°? of g as in (2.3) and, for all s in R?, the function (¢°°*)* by

(7)) =  duf , 97 (¢ls)

and we assume that Vs € R3, (¢°P)*(s) = ¢°P(0, s). Note that since > is a rank 1 convex function,
the density (¢°°?)* is a convex function.

We consider the problem
(PHE,ME)) inf {He)h(a)(w,u) —(Le,u) :u € LP(O,Rg)}

where the functional energy H. is given in LP(O,R?), p > 1 by

/ f(Vu) de + — 9(Vu) dz if u € W2P(Op(e), R?)
Ha,h(a)(wau) = Oney\Te et OneyNTe

400 otherwise

and
WP (Ohe), R?) = {u € W'P(Ope), R*) :u =0 on on Da(w)} .

The loadings £. and £, satisfiy the following behavior: there exist L in L¢(O,R3), [ in LI(O,R3), ¢ = -~
and b in R such that

ﬁ % ( ﬁ) in Oh(s) \T6

)
e7b(2,1) on O NeD.

Let us introduce the change of scale x3 = h(e)ys. We want to study the behavior of Uz (w,#, z3) :=
U (w, T, h(e)xs) where @, is a minimizer of (Pg, , .,). Clearly u;(w,2,23) is a minimizer of

(Pu.) mf{ (w,u) — /O\T L.u dx—s_b/@m Dl(i",l).u(:%,l) di:ue LP(O,R3)}

where

- 1 Ou . 1 du - ,
oo = { MO o O g g) MO [ o) de it WETO.R?)

+o00 otherwise,

Whr(O,R?) = {u e WH(O,R®) :u=00nON 5D(w)} . We denote by E.(w,.) the total random en-
ergy defined for all u € LP(O,R?) b

B.fo,) = Helw,w) ~ [

L. dx — s—b/ (&, 1).u(d, 1) di.
O\T- OneD



For the asymptotic analysis, we assume the following conditions:
a>0, he) =¢€P.

The condition a > 0 is introduced in order to supply a model with hight stiffness in the random cylinders,
the reason of the choice h(e) = eP will appear in the next section. Roughly speaking, it is the good choice
that provides sufficient information on the behavior of any sequence (uc)eso of bounded energy, i.e.,
statisfying sup,.o F:(w,.) < 400 (cf Lemma 2.1 in the next section). The rescalled internal energy
becomes now

~ 1 Ou ~ 1 Ou
eP Vu, — —) dx +5P*“/ Vu, — ——) dx if u € WHP(O,R?
He(w7 U) = ~/(9\TE f( ep 63)3) onT. g( ep 81‘3) ( )

+00 otherwise.

We sometimes consider each two following functionals

~ 10
eP / f(Vu, el
F.(w,u) = O\T. eP Ox3
400 otherwise,

) da if u € Wi P(O,R?)

and w
- u
Ep_a/ Vu, ——) dz if u € WEP(O,R?
GE(U),U) == OnTg g( (C:p 31’3) FO ( )

400 otherwise,
so that H.(w,.) = F.(w,.) + Ge(w,.) in LP(O,R3).
Let usset y:=p—1+ 4 (note that v > 0). We will distinguish the following two cases for which the
p

limit loading changes:
(C1) b=y
(C2) b<r.

2.3 The limit densities

We are going to define the limit density energy associated with the functional F.(w,.) by defining a
suitable subadditive process defined in the probabilistic space (2,4, P) governed by axioms (A1)-(A3).
Let Z denotes the set of all open intervals (a, b) of the lattice spanned by Y. For all A € 7 and all s in R? set

S1(w,s) = inf / For (Vw(@)) di s w e Adm y(w,s) b,
A\D(w)
Adm 4 (w, s) := {w € Wol’p(fl\D(w),R‘?) : ][ wdr=s,w=0 on AN D(w)} .
A

Note that the random set D(w) is not necessarily included in A. Tt is standard to see that the random
functionals defined in the introduction are measurable when Q x LP(O,R?) is equipped with the product o-
algebra A® B where B is the Borel o-algebra associated with the normed space LP(O,R?). Consequently,
for all fixed A in 7 and all fixed s in R?, the map w +— S 4(w, s) is measurable.

For each fixed s in R3, it is easily seen that S(.,s) satisfies the subadditivity condition: for every
I € 7 such that there exists a finite family (/;);e.s of disjoint intervals in Z with [T\ J.., I;| =0,

Si(.8) <Y 81, (.9).

jeJ

jE€J

Moreover S(., s) is clearly covariant with respect to the group (7).cz2, i.e., for all AeTandall z € 22,

Sip.(8)=84(,8) 0.

Actually we have



Theorem 2.1. For all fired s in R? the map

S(,s): T — LYQ,AP)
Ar—S;(.,9)
is a subadditive process with respect to the group (7.).czz defined by 7.(w) = w — z. It satisfies for all
s€ER, all A€ T and all § > 0 small enough
|s[”

SA(W’ 3) < C(p) N ~
67| (Y \ D(@))2s

4] (2.6)

where C(p) is a non negative constant depending only of p. Therefore for any reqular family (I,,)nen of

St (w, s)

sets in I the limit lim
In‘

n—oo

exists for P almost every w € Q and

Sio.mp2 (.,
lim 781" (w, 5) —  inof {Ep20mE-Y) 2 8)
n—oo || meEN~ m?
S "
= lim {E[O”[Z(S)} )
n—-+oo n
We denote by fo(s) the common value above.
Proof. Reproduce the proof of Theorem 2.2 in [19] with minor change of notation. O

Proposition 2.1. The function fo is a positively homogeneous convex function of degree p, satisfies the
growth conditions (2.4) with the same constant «, with a constant 3 possibly different, and satisfies the
Lipschitz condition (2.5) with a constant L possibly different.

Proof. Reproduce the proof of Proposition 2.1 of [19]. O

Remark 2.3. On the deterministic case, after an easy calculation (reproduce the proof of Corollary 2.1
of [19]) one can show that the expression of fo reduces to

fol(s) == inf{  FeR(Vu(e) de weAdm#(s)}
Y\D

Admy(s) == {wGW;&’p(Y,RB) : fwdx:s, w=0 onYﬂD}
Y

where W;p(f/,Rg) is the set of Y -periodic functions in WLP(O,R3).

We end this section by the following proposition which is a consequence of Theorem 2.1 when S is
additive. It extends the Birkoff ergodic theorem.

Proposition 2.2. Le n be fized in N*, and 1 : Q x R? — R be a A ®@ B(R?)-measurable function
satisfying the three conditions:

i) for P-almost every w € Q, § — (w, ) belongs to L}, .(R?);
i1) for all bounded Borel set A of R? the map A — Jit(w,9) dy belongs to LY(Q,AP);
iii) for all z € nZ?, for all § € R%, (w,§ + 2) = ¥(r.w, ) for P-almost every w € Q.

Then almost surely

3

WD) SB A Ui d

for the o(L*(O), L>(0)) topology.



Proof. The assertion is a straightforward consequence of Theorem 4.2 and Proposition 5.3 in [9]. O

Note that the indicatrice function of the random set T, N O may be written 1D(w)m6(§) and that
(w,2) — 1D(w)ﬂ@<') satisfies the condition 1D(w)m(5<5€ +2z2)= 1D(Tzw)05(;%). Therefore, applying Propo-
sition 2.2 we infer that for P a.e. w in £,

1Dm(§(é)i/ﬂ|}>ﬂD(w)| dP(w). (2.7)

We will denote the limit / |V N D(w)| dP(w) in (2.7) by 6 and call it the asymptotic volume fraction of
Q
the fibers.

2.4 Main results
In what follows we assume a >0, p>1,b<p—1+ % and set

. . 0 .
Vo(O,R?) := {v € LP(O,R%) : % € LP(O,R%), v(&,0) = o} .
3
Lemma 2.1 (Compactness). Consider a sequence (u:)->o in LP(O,R?) of bounded energy, i.e., satisfying
for P a.s. weQ, sup.vg Ee(w,us) < +00. Then, for P a.s. w € Q, there exist a subsequence possibly
depending on w and (u,v) € LP(O,R?) x Vo(O,R3) possibly depending on w such that :

ue —u in LP(O,R%), and Ou _ 0; (2.8)
(91’3

e Va(w, g)ue — v in LP(O,R3); (2.9)

e Ya(w, ;)8Us IR ﬁ mn LP(O,R?’); (2.10)

3 8.733 3])3

Remark 2.4. In an unloaded body, If we only look at the free energy of the material, (2.8), (2.9) and
(2.10) hold under the only conditions a >0 and p > 1.

As suggested by the statement of Lemma 2.1, for every fixed w € § we introduce the following
convenient notation for any sequence (uc).~o in LP(O,R3):

u. — u € LP(O,R?)
ue —=— (u,v) <=
e a(w, £)u. = v in LP(O,R?).
In a sense made precise below, we are going to establish the almost sure variational convergence of the
sequence (E;(w,.))es0, associated with the convergence —— above, toward a deterministic functional
Ey defined in LP(O,R?) x LP(O,R?) as follows. Let denote by Hy the functional defined in LP(O,R?) x
LP(O,R3) by
/ folw) dit + 91—P/ (") (2 da i (u,0) € LP(O, RP) x Vo(O, R?)
Ho(u,v) =< Jo o Oxs
400 otherwise.

where fy and (g°P)*+ are the two functions defined in Section 2.3. In the proofs we will consider the two
functionals defined in LP(O,R?) by

Fo(u):/éfo(’U,)di‘

and 5
91—P/ o)L (LY dz if v € Vo(O,R?
S ol KT RC H(O.RY)

400 otherwise,

so that Ho(u,v) = Fy(u) + Go(v) in LP(O,R?) x V5(O,R3). We define the limit energy Ey by:



. Case (C1): b=v
Hy(u,v) —/ L. dx —/ L di if (u,v) € LP(O,R?) x V5 (O, R?)
o} o
EO(ua ’U) =
400 otherwise
. Case (Cs): b<~n
Hy(u,v) —/ L. dx if (u,v) € LP(O,R?) x V5 (O, R?)
o
EO(ua U) -
400 otherwise.

Here is our main result:

Theorem 2.2. The sequence of functionals E. almost surely converges to the functional Eqy in the
following sense: there exists Q' € A with P(Q') = 1 such that for all w € Q' one has

i) for all (u,v) € LP(O,R3) x Vo and for all sequence (u:)eso in LP(O,R3) such that ue —— (u,v),
then lim i(r)1f E.(u:;) > Eo(u,v);
E—

ii) for all (u,v) € LP(O,R3) x Vo, there exists a sequence (ue)eso in LP(O,R3) such that ue —— (u,v)
and limsup E.(u.) < Eg(u,v).

e—0

Corollary 2.1. Let denote by Uz (w,.) the function x — . (w, 2, h(e)x3), where U.(w,.) is the solution
of (P, ,.,) and assume that (g>P)* is differentiable. Then almost surely there exists a subsequence of
(T (w,.))es0 such that Tz (w,.) — T in LP(O,R3) with for a. e. & € O,

(@) € af; (L)
B 1
where L(&) = / Li(&,t) dt. Consequently if Of; is single valued then almost surely all the sequence
0

(e (w,.))es0 weakly converges in LP(O,R?) to T defined for a.e. &€ O by
(@) = of; (L.

Moreover almost surely e "1r.nots(w,.) and S*VITEQO% weakly converge to v and (%’3 mn
LP(O,R?)) respectively, where ¥ is the unique solution of
0 /dg>P)t 09
——{ﬁ—l+lﬂ=oma
O3 ds 0xs

~

v(2,0) =0 on O,

D(g™)* (£2).e5 = 671 on O + .

T3

~ I when b=+
where [ = )
0ifb <.

By eliminating the displacement v regarded as an internal variable, from Theorem 2.2 we easily deduce

Corollary 2.2. The sequence of energies E.(w,.) almost surely I'-converges to the zero-gradient energy
functional Eo(u) := inf {Ey(u,v) : v € Vo } which is explicitely given in LP(O,R?) by

u) di — [ u.L di+ Go(v) — [ 1.9 d3 ifb=
I A
/ifo(u) di:—/iu.Ldi‘ if b <.
¢ o
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3 Proofs of the results

In what follows C' will denote various constants which may depend on w and may vary from line to line.

3.1 Proof of the compactness Lemma

Proof. Fix w in the subset of 2 of full probability for which (A;) holds and consider (u.).~¢ € LP(O,R?)
such that sup, g F-(w, us) < +00. According to the Poincaré-Wirtinger inequality, there exists a constant
C such that

/,

p

p
dx dx

p
dx + CeP™@ /

onT.

IN

CeP / ‘@us
o

CeP / ’@ug
O\T.

(see [19], Lemma 3.1). By using Poincaré inequality, growth conditions satisfyed by f and g and the fact
that v > 0, we infer

Ug —][ ue dx
oNT.

p
dzx

IN

1.

/ luc|P dz < / luc|” dz + Cap/ ‘@ug de+ Cap_a/ V. " de
o ONT. O\T. ONT.
ou | TS ST
/ dx + C&'p/ ‘Vu6 dx + CeP™? / ‘VuE dx
ONT. Ox3 O\T- ONT.
&P
< UHE(UE) -+ CHs(UE)

vP 1
On the other hand, according to st < —sP + —qtq with s > 0, s > 0 and v > 0 suitably chosen later,
p qv

noticing that
P

Oue dzx

[ eterais [
OneD ONT. 0

3

T3

and since b < v, we deduce

/ L..u. dx
o

H. (w,u.) < C+ +

/ e, di
OnNneD

1 P 1 P ou, |”
< C4— |L\‘de+i/ ue|? do + — |1|‘Jd§;+’ia—f’b/ Yl dp
qv? Jo\T. D Jo\rT. qv? JBneD p onr. |93
vP vP
< C+ —/ |ue|? de + — He (w, ue). (3.2)
P Jo ap
Thus
vP vP
(1- VH (o) <+ 7/ e P da. (3.3)
ap P Jo
Combining (3.3) with (3.1) we infer
P
/ lue|P dz < CJrC—/ |ue|” dz
o 5(v) Jovr.
: . vP 1 .
where 0(v) := [ Choosing v small enough in such a way that C’m < 5 we obtain
ap
/ luc|P do < C (3.4)
o

11



so that u. weakly converges to some u in LP (O, R?). Moreover (3.3), (3.4) yield H.(w, u.) < C. Therefore,
according to the coercivity assumption on f and g, we infer

Oue |? Ou. |*

e P dx + 5*”7/ dx < C 3.5
/O\TE Oz onr. | 973 (3:5)
p
5*’”/ Oue " 4o <C;
onNT. O3
5_’”/ lus|P dx < C.
ONT.
from which we easily deduce (2.8), (2.9) and (2.10). O

3.2 Proof of the upper bound in Theorem 2.2
This section is devoted to the establishing of the upper bound (ii) in Theorem 2.2.

Proposition 3.1. There exists a set Q' € A of full probability such that for all (u,v) € LP(O,R3) x
Vo(O,R3) and all w € Q' there exists a sequence (us(w))eso in LP(O,R3) satisfying

Ue(w) =— (u,v)
Eo(u,v) > limsup E.(w, uc(w)).

e—0

Proof. For any sequence (us(w))eso satsifying ue(w) =— (u,v), the limit

/ Lo dr + /A lv d& when b =7,
lim [ Le.ue(w) doz = o

0o /7L.u dx when b < 7,
o

is easy to establish and left to the reader. Therefore we are reduced to the prove

ue (W) == (u,v)
Hy(u,v) > limsup H.(w, ue(w)).

e—0
for a suitable sequence (u.(w))es0. We proceed into three steps.
Step 1. We assume (u,v) € CL(O,R3) x (Cl(O,R?’) N VO(O,]R3)> and we show that there exists a set

Q' of full probability and, for all w € €', a sequence (u.(w))e=o in LP(O,R?) such that u.(w) =— (u,v)
and

hm F( (w) / fo
hm Ge ( (w)

e—0

Let n € QT intended to go to 0 and let (Qi,n)ieln be a finite family of pairwise disjoint cubes of size
n included in O, such that

O\ Qun| =0.
iel,

Let z, :== Z u(ﬁsm)ﬂ@ ) where x; , is arbitrarily chosen in Q“, Since u is a Lipschitz function on @,
i€l ’
clearly z, — u in L?(O,R?) when n — 0.

For every i € I, and for fixed n € N*, consider w;,(w,.) € adm, ¢ (w,u(Z;y,)) and & ,(w,.) €
C°(nY \ D(w)) such that

/ ) FOP(Vwi (W, £), & (w, 7)) dd = inf { / FRR(Vw) dy s w € adm, g (w, u(ﬁvm))}
nY\D(w) nY

12



and extend it on R? as follows
2) ifzeY +z, zenZ?

Wi n(w, &) = Wi n(Tw, &
ém(w,i“) =& n(rw, i —2)ifx € Y +2, z € nZ?

It is easy to check that ; ,, and én satisfies: W; p(w, T+2) = Wi p(Tow, &) and §; p(w, &42) = &,n(@w, )

for all z € nZ. To shorten notation, we sometime drop the dependance on 1 and we still denote by w;

and &; ,, these two functions. According to Proposition 2.2, we have, almost surely when ¢ — 0

By EffwaGMMAwﬁx@m@a@)¢%

T z
£ (Vi ), i, )
S 0,n Q(Wa u(j, ))
= BEOMT T (3.6)
and
Win, D) = B win(wny) dy = udi,). (37)
ny
Let (0:5)icr, be a partition of unity associated with (Q;)ier, With 6; 5 — 1, when 6 — 0 (we omit
the dependance on 7), and consider the following function in W1P(O,R?):
U e (W, x) 7571}—1-29“; [wlnw 2+ eP sl ,E)
5
i€l
1
Clearly usne = 55%} on ONT(e), and
limgs_ lim. 0 us n e (w,.) = 2, weakly in L?(O,R?) (3.8)
lim._o&e Y a(w, £)usn,(w,.) = v weakly in LP(O,R?). '
=) — @ for the o(L*°(0), L(0))

Let Qg be the set of full probability made up of all w € Q for which a(

topology and denote by €2; ,, ,, the set of full probability made up of all w € Q for which (3.6) and (3.7)

hold. In what follows we denote the set of full probability (1, ey (,cq+ ﬂiel” Qi pn N by Q' and we
)). For shortened notation we do

) and Ge(w, 5.6 (w

fix we Q.
Now we are going to estimate F(w, s n ¢ (w,
not indicate the dependance on w. On O \ T, we have
eVugne(r) = 15”“@1} ) + Z 0;5(2 {le n(w, é) + &P g Ve o (w, i)
o o i€l € A’ €
+ Zf‘:@ez(s(j) |:wz n( 2) +eP™ 11’351 n( é):|
‘ ’ € €
i€l
= )+ Z 91 s(& le n é)
€
icl,
and
e Qlome ) S etior O ) S 0@ )
a.’ﬂg 0 = i, i\n
T
- + Z 91 6 52 n g)
i€l
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where O(e) may depend on 7, n, and §. Consequently from (2.3), (2.5), (3.6)

A auﬁne
. _ . D —p D)
Yim Fe(w, tsn.e) lime /O\T (@) F(Vtsnere O3 ) d
. Ous
= hm 0P 5vu n 76171) 2 dl‘
I o e oz, )
— lm 07 FP (Vo (w, mn(f))
e—0 A g
icl, ' Qin

S(0,n)? (W, u(Z;
_ Z ) 925 (0, (2< ,n)) di.
icl, Qi "
Thus, according to Theorem 2.1

lim lim lim F(w,uspne) = Z |Qi7n|f0(u(£i7n))

§—0n—ooe—0
iely,

/Ofo(zn) dz

lim lim lim hmF (W, Usn.e) / fo(u (3.9)

n—03§—0n—ooe—0

Finally, letting n — 0, we infer

The same kind of computation gives (recall that v = p—1 —|—% and that ¢g°P is positively homogeneous
of degree p)
1. 1 Ov
; — limeP @ 2 y—pZ
;E% Gs(w7u5,n,€) ;1_{%5 AQTE g(s evv € 9 61‘3) dx
1 dv

1 ~
= 1' _
ELH[I) OoNT. g~ ( ¢ Ve,

1 0v
= oo,p _——— =
9/(99 (0, 98x3) dx = Go(v). (3.10)

Combining (3.8), (3.9), (3.10) and a standard diagonalization argument® furnishes a map & — (n(¢), §(¢), n(c))

such that
ua(wa ) = un(e),5(s),n(s),€(w? ) B (’U/7 ’U)

girr(l)Hg(w,us((,u7 )= / fo(u()) di + Go(v).
- o
which completes the proof of step 1.

Step 2. We fix (u,v) € LP(O,R3) x Vu(O,R3) with v € C1(O,R3) and we show that for all w € Q”
there exists (ue(w))eso in LP(O,R3) such that u.(w) —— (u,v) and lin(l) H.(w,ucs(w)) = Ho(u,v).
E—

Consider u, € C}(O,R?3) weakly converging toward u in L¥(O, R3) such that
i [ folun) di = [ folu) di
n—+oo Jo o
Thus according to step 1, there exists ue n(w,.) weakly converging to u, when ¢ — 0 and

lim lim H.(w, ue 5 (w / Jo(u(Z)) dz + Go(v).

n—n e—0

1One can easily check that u, 5. (w,.) and e~ Va(w, Z)tn,s,n,c belongs to a fixed ball B(0,r) of LP(O,R3). Since the
weak topology of LP(O,R3) induces a metric on bounded sets, the diagonalization argument holds.
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We conclude by a diagonalization argument.

Step 3. For any (u,v) € LP(O,R3) x V5 (O, R?) we show that for all w € " there exists (us(w))eso in
LP(O,R?) such that u.(w) —— (u,v) and hH(l) H.(w,us(w)) = Ho(u,v).

let v € Vp(O,R3). According to standard relaxation results, there exists a sequence (¢, )nen in C(O)

weakly converging to U in p (O,R3) such that

(91'3
1 1 Ov
li oo,p\L/ _ co,py Lt OV . 11
M [ @G /o(g ) G o (3.11)
For all z € O set N
v () = Cn(Z, 8) ds.

0
Then v, € Vo(O,R3) NCYHO), v, — u in LP(O,R3) and

1 0v
: oco,p\L /= ny
o Jim 9/@(9 ) (eiaxg) Go(v).

We end the proof by using Step 2 and a diagonalization argument. O

3.3 Proof of the lower bound in Theorem 2.2
This section is devoted to the establishing of the lower bound (i) of Theorem 2.2.

Proposition 3.2. For all sequence (uc)e>q such that u. —— (u,v) one has

Ey(u,v) < limi(r)lf E. (w,u,) (3.12)
e—

forP a. s. weQ.

Proof. One may assume lim iglf E.(w,u:) < 400 otherwise there is nothing to prove. It suffices to show
E—
that for P a.s. w in €,

Fy(v) < 1imi(r)1f Fo(w, ue) (3.13)
Go(u) < 1imi51f Ge(w,ug). (3.14)

Indeed, according to Lemma 2.1, we easily infer

/ L. dx + /Al.v dZ when b =y,
lim | L.ue(w) de = o

=0Jo /jL.u dx when b < 7,
o

Proof of (3.13). Note that since sup,. F:(w,us) < +00, from (3.5), we infer that there exists a
constante C such that

5”/ ‘@us Vdr < Ce?, (3.15)
onT.
5u€ : DY
. 1
/OQTE e < Ce (3.16)

On the other hand, according to the compactness lemma, Lemma 2.1, one has for a subsequence
lonr.ue — 0 in LP(O,R3) so that,

lovr e = ue — lonr ue — u in LP(O,R?). (3.17)
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We will make use of (3.17) in the last step of the proof.

From (2.3), the coercivity condition satisfied by f and g, and from (3.15), (3.15), it is easily seen that

~ 1 Ou ~ 1 Ou
. . p - € . . P i €
lnenj(r]ﬁe /(’)\TE f(VuE,Ep 925 )dx llIEIi}(I)lf/ e? f(Vue, )dx

ep 3:53

o
lim inf ]@ (eVue)da
e—0 o

Y

Fix xp in O and set Q,(x0) := S,(20) x I,(z0,3) (to shorten notation we sometimes do not indicate
the fixed argument ). By using a blow up argument, for proving 3.13, it is enough to establish that for
a.e. g in O,

p—0 e—0

lim liminf][ For(eVue) do > 3 (u(xo)). (3.18)
Qp(x0)

Let 0 < 0 < 1 intended to go to 1 and set (T.)s = eDs(w) x (0,1) where Ds(w) = (J; o (ws —l—B(;%(O). Let
denote by A — S (w, s, d) the subadditive process introduced in Section 2.3 where D(w;) is replaced by
the disk Ds(w;) := w; + Bég(O) and denote by Adm 4(w, s,0) the associated admissible set. Denoting by
C. , be the smallest cube in Z containing %S », our strategy consists in suitably changing the function u.
in order to obtain a function z. whose mean JCI,, z(#,x3) dxs belongs to Admc, ,(w,u(zo),d) and whose

gradient decreases the left hand side of (3.18). In the four steps below, to shorten notation, we do not
indicate the dependance on p for the various Sobolev functions.

First change. By using a standard truncation argument, we modify wu. into a Sobolev function
satisfying u. s = 0 in (T;)s and

€

=D (3.19)

][ 1o 7. [P (eVue) dx > ][ [P (eVues) de — C
Q

P p

Indeed, consider ¢ in C}(S,) satisfying ¢ =0 in eDs, ¢ =1in S, \ D and |Vg|s < ﬁ and set

Ue,§ = PUe.

According to the growth conditions satisfied by f°°P we infer

]@(E@ueyg) di = / @(E@UE) dz +/ @(5@’&575) dg
QP QP\TE (TE\(TE)S)ﬂQﬂ
< / f/O‘TP(s@uE) dz + eP ’@ue : dz
4 (Ts\(Ts)é)mQP

S
L P dé
(L =08)" Jer\ ()@,

so that, from the Poincaré inequality and (3.15), (3.16), we infer

+0

epbv

(1o

/ P foob(Vu 5) dit < / P foon(Vu,) di + B {

3 P

+ s“]
which proves (3.19).

Second change. By using a standard De Giorgi slicing argument (see for instance [4], proof of Propo-
sition 11.2.3), there exists n(¢) — 0%, n(e) > ¢, a n(e)-neighbohrood Vn(e) C Q, of dQ,, and a Sobolev

function . s vanishing on 0S5, x I,, equal to u. 5 in a @, \ Vn(e), satisfying

P (eVue ) de > 4 fOP(eVis) dr — @ —r(p) (3.20)
Qp Qp
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where C(p) is a positive constant depending only on p, lim._g7:(p) = 0 and v € N is the number of
bands slicing V7(e) and intended to go to +oo. It is worth noticing that @. 5 remains equal to 0 in (1 )s

since it is of the form ¢, )u. s for a suitable truncation function ¢, ..

Third change. We modify @, s into a Sobolev function w, s satisfying

wes =01n (T%)s, wes =0 o0n 0Q,, ][ we s = u(zo)
Qp

P

and
foo,p(gﬁﬂ,s,g) dr > fOO,p(E@wE’(;) de — C u(xo) —][ lQp\(Te)s’CLgﬁ dy (321)
Qp Qp Qp
Indeed, set
- Y -
We,5 = Ue,s + W (U(mo) - o, 1o\ (12)s Ue.6 dy)
€ and |¢h]e < C .

- €

where ¢ € C}(Q,) satisfies 1) = 0 in 1., ¥ = 0 on 9Q,, |Vih|eo <

Last step. Collecting (3.19), (3.20) and (3.21) we finally obtain
€ C
(p) - Ts(p)

00,P (% _ _
[P (eVuwe5) dx C'(1 5y »

Fororeu) o
Q

P

u(o) —]é 1o, \(1.)sUe,s dy

P

—C

Set z: 5(y) := we s(ey). A change of scale then yields
€ C
2o

00,p (o, > P (\; -
fpf (V) de > ]{pr (Ves) do = O =
u(xo) - f 1Q/)\(Ts)5ﬂ€1§ dy
Q

P

P

-C

Extend 2.5 by 0 in R®\ 15,. Then the function Z. 5 defined by
- C .
2’575(11) = ‘1;p| Zsyg(x,xg) d$3
| ep | I,
Therefore, according to Jensen’s inequality and from the p-

clearly belongs to Admc, ,(w,u(zo),9)

homogeneity of f°°P
o |Ca p| PSCg (w,u(xo),é) € C(p)
fP(eVue) de > i 14 —-C _ —re(p
Qp ( (‘%S/)‘) |Ce ol (1=20) v )
P
70 u(:l?o) 7% lQp\(TE)gﬂ’E,é dy (322)
Q

P

It is easily seen that from (3.17) and the Lebesgue point Theorem, for a.e. g in O one has

p
u(wo) ][Q 1o \(To)sle,s dy| =0.

lim lim lim
p—05—1e—0

1. On the other hand, according to Theorem 2.1, Theorem 5.2 and Section 6.2

|Ce.p| _

Moreover lim._q 5] =
ePp

of [18], for P-almost every w € Q and for every p > 0 one has
. Se.,(w,u(xo),0) . Sc. ,(w,u(o))
}13% ;1_{% IC| = shi% W = fo(u(zo))- (3.23)
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Then, letting successively e — 0, d — 1, v — oo and p — 0 in (3.22), we obtain for P-almost every w €
and for almost every xo € O,

lim inf fOP(eVue) dx > fo(u(zo))
e—0 Q,
which ends the proof.

Proof of (3.14). Fix w in the set " of full probability given in Proposition 2.2 and assume that
lim iglf G:(ue) < +00. According to the Moreau-Rockafellar duality principle we infer that for all ¢ in
E—

L1(0):

- e o p—a T\ opig 1 Ou,
llgnjglf G:(us) = hgi)lglf€ /Oa(w» 6)9 (Vue, > Oz )dx
> hminf/ a(w, )(gmp)l( 7’Y%)dl‘
e— o 6.’1}3
> hmlnf(/ a(w, E)(b _'Yauedx—/ a(w, )(Qmp)l’*((b)dm)
8x3 O

_ [ 9%7301 /O (9 7P>Lv*<¢>dx].

liminf G.(u;) > 6 sup [/ 1(;S@d:c— / (goo’p)l"*(qﬁ)dx}
e—0 $eLa(0) 0" Oxs o
1 v v
= 0 oP) de =P Py (——)d
LN Gamida =0 [ () - (e
which completes the proof. O

3.4 Proof of Corollary 2.1

Apply the variational property of the convergence established in Theorem 2.2, then compute the Euler
equation associated with the minimization problem min { Eg(u,v) : (u,v) € L?(O,R?) x V5(O,R*)} to
obtain:

dfo(w()) 9/0 L(z,s) ds,

_;IB(W )

D(g>P)+ (5);’)6 =6 on O+ es.

To end the proof it suffices to apply the subdifferential rule:
a* € 0fo(a) <= a € 0fj(a™).
3.5 Computation of T when f = 1|

In this section we establish the expression of & when f = £ |2, With the notation of Corollary 2.1 we
have:
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Proposition 3.3. Let denote by U, (w,.) the unique solution of the scalar random Dirichlet problem

{ -AU =1 inAnY\D(w),
U € Wi (¥ \ Dw)),

and set Ap(w) == f o Un(w, &) di. Then for P a.e. w € Q, Ay(w) converges to a deterministic value
A >0 and u is uniquely determined by the formula

£l

(3) = % /0 L(a,t) di. (3.24)

Proof. Consider the Lagrange multiplier A*"(w) € R? of the optimization problem

1 .
frlw,s) = inf{2][h Vw|® di:w e Wi (nY \ D(w),R%), ][ w di = s} ,
n nyY

Y

whose (random) minimizer w® satisfies
—Aw® = X"(w) in nY \ D(w),

w® € Wy ?(nY \ D(w),R?),

][ w® dT = s.
n¥Y

Let denote by B = (e1, e, e3) the canonical basis of R3. Applying (3.25) for s = e; we deduce f,,(w,e;) =
$A%"(w).e;. Then, applying (3.25) for s = e; +¢; and s = e; — e;, and noticing that %" (w) =
A¢™(w) £ A% (w), we easily infer

(3.25)

i[fn(u@ei + ej) — fu(w,e; — ej)] = %[}\ei,n(w).ej + )\ejyn(w>.eij|.

The same calculation holds when replacing e; and e; by any vector u and v. This proves that f,(w,.) is
a quadratic form (note that f,(w,.) is homogeneous of degree 2), and that f,(w,s) = A"(w)s . s where
A™(w) is a symetrical 3 x 3 matrix given by

1 i1 €45,
Al(w) = 3 (A (w).e5 + A9 (w).€;].

Applying (3.25) with s = e; and taking w® as a test function and, symetrically with s = e; and taking
w® as a test function, we deduce A*"(w).e; = A" (w).e;, so that A}(w) = A" (w).e;. But, for i # j,
from (3.25), we infer that w® .e; satisfies the problem

—Aw.e; = A" (w).e; in nY \ D(w),

w.e; € Wy (nY \ D(w)),

][ w.e; dt = 0.

ny

from which we deduce w®.e; = 0 (take w®.e; as a test function), thus A};(w) := A*"(w).e; = 0 for
I

Let us compute A%(w) = A" (w).e;. Since A%™(w).e; = 2f,(w,e;), one has A" (w).e; > 2a > 0 and
from (3.25), we infer that

e;

_we solves the scalar Dirichlet problem
Aein(w).e;

—AU =1innY \ D(w),

U e Wy?(nY \ D(w)).
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Let us denote by U, (w) its unique solution, then

1
At (W)= —
(@) FoUnl@) d
By using once again the subadditive ergodic theorem one can prove that A, (w) = f ; Up(w) di(w)

almost surely converges to a deterministic value A > 0 (see [10]). Consequently, for P- a.e. w € Q and

for all s € R3,
1

ﬂli}-ir-loo fn(wvs) = f0<s> = XS.S

and 0fo(s) = 2s. The conclusion follows from 07 (s) = 4s.

3.6 Numerical result

We would like to compute an approximation A, (w) of the constant A determined in the preceding section.
For this we make use of the cast3M program to solve the scalar random Dirichlet problem

{ -AU =1 inAnff \ D(w),
U e WY\ Dw)),

in the geometrical situation of the random chessboard-like described in Example 2.1 with Qy made up
of 9 points. The first part of the program consists in constructing the random mesh associated with
nY \ D(w) (Fig (2)). The sections of the fibers are randomly placed following 9 different places in each
cell.

Figure 3 represents the evolution of n — A, (w) for various realizations w (in case of equi-probability
ap = %) when n increases. For each w we can see that the value of A,,(w) converges to the same constant
A. This illustrates ergodicity. We also compare the various results obtained by varying the probability
presence o of the section of the periodic case with the value A,, of the periodic case (the curve in red)
in Figure 4. Figure 5 represents the evolution of A, (w) when the radius of the sections increases.
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Figure 2: A ”chessboard-like” random mesh (n=8).
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Figure 3: The curves n — A, (w) for various realizations w with equi-probability presence aj =
k=1,...,09.
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x1.E-2

Figure 4: Decreasing of the curves n +— A, (w) for one
increases towards 1.
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Figure 5: The curves n — A, (w) when the radius g of the sections increases from 0.2 cm to 0.8 cm with
a step 0.04
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